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^sj ^ Dedicated with great pleasure to Michael Demuth on the occasion of his 65th birthday. 

■ Abstract. In the first (and abstract) part of this survey we prove the unitary equivalence of the inverse of 

the Krein-von Neumann extension (on the orthogonal complement of its kernel) of a densely defined, closed, 
strictly positive operator, S > e/-^ for some e > in a Hilbert space 'H to an abstract buckling problem 

>D , operator. 

vN ■ In the concrete case where S = — Al^ocmj in L^(r2; d"x) for f! C IR" an open, bounded (and sufficiently 

regular) domain, this recovers, as a particular case of a general result due to G. Grubb, that the eigenvalue 

^ , problem for the Krcin Laplacian Sk (ic, the Krein-von Neumann extension of 5), 

C/^ ' Skv = At), A ^ 0, 



is in one-to-one correspondence with the problem of the buckling of a clamped plate, 

(-A)2« = A(-A)u in n, A 7^0, « e ii'o(f^), 

where u and v are related via the pair of formulas 

« = S^^(-A)«, v = X-^{-A)u, 

with Sp the Fricdrichs extension of S. 

This establishes the Krein extension as a natural object in elasticity theory (in analogy to the Friedrichs 
extension, which found natural applications in quantum mechanics, elasticity, etc.). 

In the second, and principal part of this survey, we study spectral properties for HK,n i the Krein-von 
Neumann extension of the perturbed Laplacian —A -|- V (in short, the perturbed Krein Laplacian) defined 
l ■ on CQ°(f!), where V is measurable, bounded and nonnegative, in a bounded open set Q, C K" belonging 

^ t ' to a class of nonsmooth domains which contains all convex domains, along with all domains of class C^'*", 

r/^ ^ r > 1/2. In particular, in the aforementioned context we establish the Weyl asymptotic formula 

O ■ #{i G N I \K,a,j < A} = (27r)-"t;„[n| A'^a + o(a("-(i/2))/2) as A -^ go, 

where Vn = tt"' ^/r((n/2) + l) denotes the volume of the unit ball in R", and Aj^ fj.ji j G ^i a-i'e the non-zero 
eigenvalues of Hk,Vi, listed in increasing order according to their multiplicities. We prove this formula by 
showing that the perturbed Krein Laplacian (i.e., the Krein-von Neumann extension of —A -|- V defined on 
),^j 1 CQ°(f2)) is spectrally equivalent to the buckling of a clamped plate problem, and using an abstract result of 

l^> ' Kozlov from the mid 1980 's. Our work builds on that of Grubb in the early 1980's, who has considered similar 

issues for elliptic operators in smooth domains, and shows that the question posed by Alonso and Simon 
in 1980 pertaining to the validity of the above Weyl asymptotic formula continues to have an affirmative 
answer in this nonsmooth setting. 

We also study certain exterior-type domains Q = R"\A', n > 3, with K C M" compact and vanishing 
Bessel capacity B2,2{K) = 0, to prove equality of Friedrichs and Krein Laplacians in L'^{Q;d"x), that is, 
—A\qooiq<. has a unique nonnegative self-adjoint extension in L'^(Q; d"x). 
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1. Introduction 



In connection with the first and abstract part of this survey, the connection between the Krein-von 
Neumann extension and an abstract buckling problem, suppose that 5 is a densely defined, symmetric, 
closed operator with nonzero deficiency indices in a separable complex Hilbert space Ti that satisfies 

S > el-H for some e > 0, (1.1) 

and denote by Sk and Sp the Krein-von Neumann and Friedrichs extensions of S, respectively (with /^ 
the identity operator in T-i). 

Then an abstract version of Proposition 1 in Grubb '94) , describing an intimate connection between the 
nonzero eigenvalues of the Krein-von Neumann extension of an appropriate minimal elliptic differential 
operator of order 2m, to S N, and nonzero eigenvalues of a suitable higher-order buckling problem (cf. 
Example 1 3. 5p . to be proved in Lemma |3. 11 can be summarized as follows: 

There exists ^ v £ dom{SK) satisfying Skv — Aw, A 7^ 0, (1.2) 

if and only if 

there exists a 7^ m G dom(S'*S') such that S*Su — XSu, (1-3) 

and the solutions v of (|1.2p are in one-to-one correspondence with the solutions u of p.3p given by the pair 
of formulas 

u = {SFy^SKV, v = \-^Su. (1.4) 

Next, we will go a step further and describe a unitary equivalence result going beyond the connection 
between the eigenvalue problems (|1.2p and (|1.3p : Given 5', we introduce the following sesquilinear forms in 

n, 

a{u,v) — (Su, Sv)^, u, w e dom(a) = dom(S'), (1-5) 

b{u,v) — {u, Sv)'n, u,v € dom{b) = dom{S). (1-6) 

Then S being densely defined and closed, implies that the sesquilinear form a is also densely defined and 
closed, and thus one can introduce the Hilbert space 

W=(dom(5),(-,-)w) (1.7) 

with associated scalar product 

{u,v)w = a{u,v) = {Su, Sv)y,, u,vGdom{S). (1-8) 
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Suppressing for simplicity the continuous embedding operator of W into 'H, we now introduce the fohowing 
operator T in W by 

{wi,Tw2)w = a'{'Wi,Tw2) = b{'Wi,W2) = {■wi,Sw2)h, ■wi,'W2<eW. (1.9) 

One can prove that T is self-adjoint, nonnegative, and bounded and we will call T the abstract buckling 
problem operator associated with the Krein-von Neumann extension Sk of S. 
Next, introducing the Hilbert space H by 

n - [ker(5*)]^ = [In ~ P^o.is-')]n = [in - ^kcr(s,o]^ = [kerC^^)]^, (1.10) 

where Pm denotes the orthogonal projection onto the subspace A^ C 7^, we introduce the operator 

5>-«- (LU, 

I Ui H> Sw, 

and note that 5 £ C(W,'H) maps W unitarily onto H. 

Finally, defining the reduced Krein-von Neumann operator Sk ui H by 

Sk -^ SK\[kcr(SK)]^ ill '^' (1-12) 

we can state the principal unitary equivalence result to be proved in Theorem 13.41 

The inverse of the reduced Krein-von Neumann operator Sk in Ti and the abstract buckling problem 
operator T in W are unitarily equivalent, 

{SKy'^ST{S)-\ (1.13) 

In addition, 

{SKy' = Us[\S\-'S\S\-']{Us)-'. (1.14) 

Here we used the polar decomposition of S, 

S = Us\Sl with |5| ^ (5*5)1/2 > ^j^^ ^^Q^ ^^^ jj^ g B{nM) unitary, (1.15) 

and one observes that the operator |5|^i5|5|^i £ B{H) in ()1.14p is self-adjoint in "H. 

As discussed at the end of Section |4l one can readily rewrite the abstract linear pencil buckling eigenvalue 
problem (|1.3|) . S*Su = XSu, A 7^ 0, in the form of the standard eigenvalue problem |5|^i5|5|~iu' = A"^^, 
\ y^ 0, w ~ \S\u, and hence establish the connection between (|1.2p . (11.31) and (I1.13p . (|1.14l) . 

As mentioned in the abstract, the concrete case where 5 is given by 5 = — A\(j<x> i^^ij in L^{il;d"x), then 

yields the spectral equivalence between the inverse of the reduced Krein-von Neumann extension Sk of 5 and 
the problem of the buckling of a clamped plate. More generally, Grubb [94] actually treated the case where 
5 is generated by an appropriate elliptic differential expression of order 27ti, to £ N, and also introduced the 
higher-order analog of the buckling problem; we briefly summarize this in Example 13.51 

The results of this connection between an abstract buckling problem and the Krein-von Neumann exten- 
sion in Section [3] originally appeared in [21] . 

Turning to the second and principal part of this survey, the Weyl-type spectral asymptotics for perturbed 
Krein Laplacians, let —Ad^q be the Dirichlet Laplacian associated with an open set H. C M", and denote 
by Nd^q{X) the corresponding spectral distribution function (i.e., the number of eigenvalues of —Ad si not 
exceeding A). The study of the asymptotic behavior of N£)^q{X) as X ^- 00 has been initiated by Weyl 
in 1911-1913 (cf. |178] . |177j . and the references in |179] V in response to a question posed in 1908 by the 
physicist Lorentz, pertaining to the equipartition of energy in statistical mechanics. When n — 2 and fi is a 
bounded domain with a piecewise smooth boundary, Weyl has shown that 

No.nW = — 7-^^A + o(A) as A ^ 00, (1.16) 

47r 

along with the three-dimensional analogue of (|1.16p . In particular, this allowed him to complete a partial 
proof of Rayleigh, going back to 1903. This ground-breaking work has stimulated a great deal of activity in 
the intervening years, in which a large number of authors have provided sharper estimates for the remainder, 
and considered more general elliptic operators equipped with a variety of boundary conditions. For a general 
elliptic differential operator A of order 2to (to £ N), with smooth coefficients, acting on a smooth subdomain 
n of an n-dimensional smooth manifold, spectral asymptotics of the form 

ND,n{A;X) = {2Try( f dx [ dA A"^^'™' + ^(A^"-^)/^''"') as A ^ 00, (1.17) 

\Jn JaO{x,^)<l J 
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where a'^{x,^) denotes the principal symbol of A, have then been subsequently established in increasing 
generality (a nice exposition can be found in [B]). At the same time, it has been realized that, as the 
smoothness of the domain fl and the coefficients of A deteriorate, the degree of detail with which the 
remainder can be described decreases accordingly. Indeed, the smoothness of the boundary of the underlying 
domain H. affects both the nature of the remainder in ()1.17|) . as well as the types of differential operators 
and boundary conditions for which such an asymptotic formula holds. Understanding this correlation then 
became a central theme of research. For example, in the case of the Laplacian in an arbitrary bounded, open 
subset r2 of M", Birman and Solomyak have shown in [35] (see also [30], [H], [22] , [3Sj) that the following 
Weyl asymptotic formula holds 

ND,nW = (27r)^"w„|f]| A"/^ + o(A"/2^ as A ^ oo, (1.18) 

where Vn denotes the volume of the unit ball in M", and \fl\ stands for the n-dimensional Euclidean volume 
of n. On the other hand, it is known that (jl.lSp may fail for the Neumann Laplacian — Aat^q. Furthermore, 
if a G (0, 1) then Netrusov and Safarov have proved that 

n e Lip„ implies ND,n{X) = (27r)-"i;„|f7| A"/^ + 0(a("~")/2) as A ^ oo, (1.19) 

where Lip^ is the class of bounded domains whose boundaries can be locally described by means of graphs of 
functions satisfying a Holder condition of order a; this result is sharp. See |140j where this intriguing result 
(along with others, similar in spirit) has been obtained. Surprising connections between Weyl's asymptotic 
formula and geometric measure theory have been explored in [56], [104j . |120j for fractal domains. Collec- 
tively, this body of work shows that the nature of the Weyl asymptotic formula is intimately related not 
only to the geometrical properties of the domain (as well as the type of boundary conditions), but also to 
the smoothness properties of its boundary (the monograph by Safarov and Vassiliev [156) contains a wealth 
of information on this circle of ideas). 

These considerations are by no means limited to the Laplacian; see [5^ for the case of the Stokes operator, 
and [3S], [33] for the case the Maxwell system in nonsmooth domains. However, even in the case of the Laplace 
operator, besides — A^iji and — Ajv.ji there is a multitude of other concrete extensions of the Laplacian —A 
on C(j"(ri) as a nonnegative, self-adjoint operator in V^ {Vl\ d"" x) . The smallest (in the operator theoretic 
order sense) such realization has been introduced, in an abstract setting, by M. Krein |116] . Later it was 
realized that in the case where the symmetric operator, whose self-adjoint extensions are sought, has a 
strictly positive lower bound, Krein's construction coincides with one that von Neumann had discussed in 
his seminal paper |172| in 1929. 

For the purpose of this introduction we now briefly recall the construction of the Krein-von Neumann 
extension of appropriate L'^{Vt\ d"a::)-realizations of the differential operator A of order 2m, to G N, 

-4= Y. a"(-)^", (1-20) 

0<|a|<2m 

D'' = {^id/dxir'---{-id/dx^r-, a = (ai,...,a„)GN^, (1.21) 

a„(.) e C^{Ti), C°°(fl) = fl C\n), (1.22) 

fceNo 

where O C M" is a bounded C°° domain. Introducing the particular £^(1^; fi"a;)-reahzation A^aoi A defined 

by 

A.^nu = Au, u€ dom(A,^a) := C^m, (1-23) 

we assume the coefficients aa in A are chosen such that Ac^n is symmetric, 

{u,Ac,nv)L\n-d^x) = (-4c,nu,'y)L2(n;<i":c), u,v e C^{n), (1.24) 

has a (strictly) positive lower bound, that is, there exists kq > such that 

(u,A,^ou)L2(n;d".) >«:o||w|li2(n;rf-.,), ueC^in), (1.25) 

and is strongly elliptic, that is, there exists ki > such that 

a°(a;,0:=Re( ^ a^{x)Cj > ki\^\^"\ x e H, ^ e M". (1.26) 

^|Q|=2m ^ 

Next, let A„iin^n and Amax,n be the L^(r2; (i"a;)-realizations of ^ with domains (cf. [B], [HZ]) 

dom(^™„^o) := H^'^m, (1.27) 

dom{Amax,n) := {" e L^ (fl; d"" x) \ Au e ^^(f]; d"2;)}. (1.28) 
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Throughout this manuscript, H''{il) denotes the L^-based Sobolev space of order s € M in fi, and -ffo(f^) is 
the subspace of i/* (M") consisting of distributions supported in Q (for s > ^, (s — ^) ^ N, the space Hq{P,) 
can be alternatively described as the closure of C^(51) in iJ''(57)). Given that the domain il is smooth, 
elliptic regularity implies 

(Anin.n)* ~ Amax,n and Ac^fi = Ajnin^Q- (1-29) 

Functional analytic considerations (cf. the discussion in Section ^ dictate that the Krein-von Neumann 
(sometimes also called the "soft") extension Ak.u of Ac.n on C^{il) is the _L^(J7; (i"a;)-realization of Ac^n 
with domain (cf. ()2.10p derived abstractly by Krein) 

doia{AK,n) = dom (:4;^) +ker ((A,,^)*). (1.30) 

Above and elsewhere, X+Y denotes the direct sum of two subspaces, X and Y, of a larger space Z, with 
the property that X OY — {0}. Thus, granted (|1.29l) . we have 

doin{AK,n) ^doiniAmtnS^)+'^eT{Amax,Q) 

= H^'"{n) + {ueL^{n;(rx)\Au^Omn}. 

In summary, for domains with smooth boundaries, Aj^q is the self-adjoint realization of A^^n with domain 
given by (|1.31l) . 

Denote by j'^u :— (inu) ^.^ the Dirichlet trace operator of order m G N (where i^ denotes the 

outward unit normal to fl and jnu := di,u stands for the normal derivative, or Neumann trace), and let 
AD,n be the Dirichlet (sometimes also called the "hard") realization of Ac,o in L^{ft; d"x) with domain 

dom{ADsd := {u e H^"\n) \ j"d'u = O}. (1.32) 

Then Ak^q-, Ar),n are "extremal" in the following sense: Any nonnegative self-adjoint extension A in 
L^(r2;d"'x) of ^c,n (cf. p.23p ). necessarily satisfies 

AK,n <A< Ao^n (1.33) 



in the sense of quadratic forms (cf. the discussion surrounding ()2.4p ). 

Returning to the case where Ac^n — ~A\c°°{n), for a bounded domain J7 with a C°°-smooth boundary, 
dfl, the corresponding Krein-von Neumann extension admits the following description 

- AK,nu := -Au, 

u G dom(-A;4:_n) := {« e dom{-Amax,n) I 7jv« + Md^nMidv) = 0}, 

where MD,N,n is (up to a minus sign) an energy-dependent Dirichlet-to-Neumann map, or Weyl-Titchmarsh 
operator for the Laplacian. Compared with (|1.3ip . the description (ll.34[) has the advantage of making 
explicit the boundary condition implicit in the definition of membership to dom(— A^f^o). Nonetheless, as 
opposed to the classical Dirichlet and Neumann boundary condition, this turns out to be nonlocal in nature, 
as it involves Mjy pf q which, when 51 is smooth, is a boundary pseudodifferential operator of order 1. Thus, 
informally speaking, (|1.34p is the realization of the Laplacian with the boundary condition 

d^u ~ dyH{u) on 951, (1.35) 

where, given a reasonable function w in 51, H{w) is the harmonic extension of the Dirichlet boundary trace 
jlfW to 51 (cf. Km ). 

While at first sight the nonlocal boundary condition j^v + Mo.N.nilDv) = in (|1.34p for the Krein 
Laplacian —A.K,n may seem familiar from the abstract approach to self-adjoint extensions of semibounded 
symmetric operators within the theory of boundary value spaces, there are some crucial distinctions in the 
concrete case of Laplacians on (nonsmooth) domains which will be delineated at the end of Section [6] 

For rough domains, matters are more delicate as the nature of the boundary trace operators and the 
standard elliptic regularity theory are both fundamentally affected. Following work in [SB], here we shall 
consider the class of quasi-convex domains. The latter is the subclass of bounded, Lipschitz domains in M" 
characterized by the demand that 

[i) there exists a sequence of relatively compact, C^-subdomains exhausting the original domain, and 
whose second fundamental forms are bounded from below in a uniform fashion (for a precise formu- 
lation see Definition [ 

or 
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(ii) near every boundary point there exists a suitably small 6 > 0, such that the boundary is given by 
the graph of a function (p : M""-'^ -^ M. (suitably rotated and translated) which is Lipschitz and whose 
derivative satisfy the pointwise iJ^/^-multiplier condition 

n— 1 n— 1 

E WfkdkV^iWm/HR^^-^) < ^5] ||/fe||Hi/2(R.-i), fi,...fn-i e i/i/2(M"-i). (1.36) 

fe=l k=l 

See Hypothesis 15.71 for a precise formulation. In particular, (|1.36p is automatically satisfied when a;(Vv5,i), 
the modulus of continuity of V(^ at scale t, satisfies the square-Dini condition (compare to [132] . [133] . where 
this type of domain was introduced and studied), 

^(^^'*)^^^<oo. (1.37) 



^ fl/2 J t 

In turn, (|1.37p is automatically satisfied if the Lipschitz function ip is of class C^'^ for some r > 1/2. As a 
result, examples of quasi-convex domains include: 
(i) All bounded (geometrically) convex domains. 

(ii) All bounded Lipschitz domains satisfying a uniform exterior ball condition (which, informally speak- 
ing, means that a ball of fixed radius can be "rolled" along the boundary) . 
(Hi) All open sets which are the image of a domain as in (i), (ii) above under a C^'^-diffeomorphism. 
(iv) All bounded domains of class C^'^ for some r > 1/2. 
We note that being quasi-convex is a local property of the boundary. The philosophy behind this concept 
is that Lipschitz-type singularities are allowed in the boundary as long as they are directed outwardly (see 
Figure 1 on p. \^E\\ . The key feature of this class of domains is the fact that the classical elliptic regularity 
property 

dom(-Ac,n) C H^(n), dom(-Aw^o) C H^ft) (1.38) 

remains valid. In this vein, it is worth recalling that the presence of a single re-entrant corner for the domain 
a. invalidates ()1.38p . All our results in this survey are actually valid for the class of bounded Lipschitz 
domains for which ()1.38p holds. Condition (|1.38|) is, however, a regularity assumption on the boundary of 
the Lipschitz domain 51 and the class of quasi-convex domains is the largest one for which we know (|1.38p 
to hold. Under the hypothesis of quasi-convexity, it has been shown in [86) that the Krein Laplacian — A/^-.n 
(i.e., the Krein-von Neumann extension of the Laplacian —A defined on (7^(57)) in (|1.34p is a well-defined 
self-adjoint operator which agrees with the operator constructed using the recipe in ()1.3ip . 

The main issue of this survey is the study of the spectral properties of Hk.q, the Krein-von Neumann 
extension of the perturbed Laplacian 

-A + \/ on C^(n), (1.39) 

in the case where both the potential V and the domain fl are nonsmooth. As regards the former, we shall 
assume that Q < V G L°°(i^;d"x), and we shall assume that ft C K" is a quasi-convex domain (more on 
this shortly). In particular, we wish to clarify the extent to which a Weyl asymptotic formula continues 
to hold for this operator. For us, this undertaking was originally inspired by the discussion by Alonso and 
Simon in '14]. At the end of that paper, the authors comment to the effect that "It seems to us that the 
Krein extension of —A, i.e., —A with the boundary condition (jl.35p . is a natural object and therefore worthy 
of further study. For example: Are the asymptotics of its nonzero eigenvalues given by Weyl's formula?" 
Subsequently we have learned that when fl is C°°-smooth this has been shown to be the case by Grubb in 
[94j . More specifically, in that paper Grubb has proved that if NK,n (-^; ^) denotes the number of nonzero 
eigenvalues of Ak^q (defined as in ()1.3ip ) not exceeding A, then 

neC°° implies NkM-^; A) = Ca,„A"/(2™) + ^(A^"-^)/^^™)) as A -> oo, (1.40) 

where, with a'^(x,£,) as in (|1.26p . 



CA,n ■■= (2^)-" / d"a; / d"C (1-41) 

and 

6 := max I e , >, with e > arbitrary. (1-42) 

L 2 2m + n — 1 J 

See also [135] where the author announces a sharpening of the remainder in (jl.40p to any 9 < 1 (but no 

proof is provided). To show (|1.40p - (ll.42l) . Grubb has reduced the eigenvalue problem 

Au^Xu, u e dom(AA',o), A > 0, (1-43) 
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to the higher-order, elhptic system 

' A^v = XAv in n, 
7|j™u = on dfl, (1.44) 

Then the strategy is to use known asymptotics for the spectral distribution lunction of regular elUptic 
boundary problems, along with perturbation results due to Birman, Solomyak, and Grubb (see the literature 
cited in [Ml for precise references). It should be noted that the fact that the boundary of fl and the coefficients 
of A are smooth plays an important role in Grubb's proof. First, this is used to ensure that (|1.29p holds 
which, in turn, allows for the concrete representation (jl.3ip (a formula which in effect lies at the start of the 
entire theory, as Grubb adopts this as the definition of the domains of the Krein-von Neumann extension) . 
In addition, at a more technical level. Lemma 3 in |:94,^ is justified by making appeal to the theory of pseudo- 
differential operators on dfl, assumed to be an (n — l)-dimensional C°° manifold. In our case, that is, when 
dealing with the Krein-von Neumann extension of the perturbed Laplacian (jl.39p , we establish the following 
theorem: 

Theorem 1.1. Let fl C M" be a quasi-convex domain, assume that <V £ L°°{fl;d"x), and denote by 
HK,n the Krein-von Neumann extension of the perturbed Laplacian (|1.39p . Then there exists a sequence of 
numbers 

< Aa',o,i < >^K,n,2 < • • • < >^K,n,j < XK,n,j+i < ■■ (1-45) 

converging to infinity, with the following properties, 
{i) The spectrum of Hj^ q is given by 

t{Hkai) = {0} U {AA',fijbeN, (1.46) 

and each number Xk,Q.j, j G N, is an eigenvalue for H^.n of finite multiplicity, 
(ii) There exists a countable family of orthonormal eigenf unctions for HK,n which span the orthogonal 
complement of the kernel of this operator. More precisely, there exists a collection of functions 
{lUjIjgN with the following properties: 

Wj G Aovi\{HK,n) and HK,nWj = XkmjWj, j £ N, (1-47) 

{wj,Wk)L^n;d"x) = Sj^k, j, k <eN, (1.48) 



L (51; (i"a;) = ker(_ffA',o) © lin. spanjuijIjeN, (orthogonal direct sum). (1-49) 

// V is Lipschitz then Wj G H^''^{Vt) for every j and, in fact, Wj G C°°{fl) for every j if fl is C°° 
andV £C°°{Ti). 
(iii) The following min-max principle holds: 

( ( \\i-^ + yMhin;d^x) 
Xk n i = mui max -^5 — t-j^ — -= 

dim{Wj)=] 



j G N. (1.50) 



[iv) If 



< Xd,^,! < XD,n,2 < ■ • • < ^D,n,j < ^D,n,j+i < • ■ • (1-51) 

are the eigenvalues of the perturbed Dirichlet Laplacian —Adsi {i.e., the Friedrichs extension of 
(jl.391) in L'^ {fl; d"" x)) , listed according to their multiplicities, then 

0<^D,n,j<XK,n,j, jeN, (1.52) 

Consequently introducing the spectral distribution functions 

iVx,o(A):-#{jGN|Ax,oj <A}, Xe{D,K}, (1.53) 

one has 

NK,nW < ND,nW. (1.54) 

(v) Corresponding to the case V^ = 0, the first nonzero eigenvalue Aj^Yj 1 "/ — A^-^o satisfies 

a(") < a(°) and a(°) < ^^" + 8n+20 (0) 

-^0,^1,2 ^ -^K^n,! """ ■^K,n,2 ^ — (n + 2)^ — ^K,n,i- (i.i)i)) 
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In addition, 

n . 

and 

E (A^k.,, - A^k.)' < '-^ E (A^k.+i - Ai°;,^^.) Ago. fc £ N. (1.57) 

Moreover, if Vi is a hounded, convex domain in M", i/ien t/ie first two Dirichlet eigenvalues and the 
first nonzero eigenvalue of the Krein Laplacian in fl satisfy 

Ad,o,2 ^ -^K^n,! ^ '^^D,n,i- (1-58) 

{vi) The following Weyl asymptotic formula holds: 

NK.nW ^ {2TT)-"Vn\n\ A"/2 + o(^(n-(i/2))/2^ as A ^ oo, (1.59) 

where, as before, w„ denotes the volume of the unit ball in M", and \Q\ stands for the n-dimensional 
Euclidean volume offl. 

This theorem answers the question posed by Alonso and Simon in [M] (which corresponds to F = 0), and 
further extends the work by Grubb in [94j in the sense that we allow nonsmooth domains and coefficients. 
To prove this result, we adopt Grubb 's strategy and show that the eigenvalue problem 

{-A + V)u^\u, M e dom(iJif,o), A > 0, (1.60) 

is equivalent to the following fourth-order problem 

' (-A + Vj^w ^ A (-A + V)w in fl, 
jdw = ^nw = on do., (1-61) 

w £ dom(-A,„a2;)- 
This is closely related to the so-called problem of the buckling of a clamped plate, 

-A^w = AAw in Q, 

^dw — ^nw = on dVt, (1-62) 

^w G dom(-A„ja:E), 

to which (|1.6ip reduces when V^ = 0. From a physical point of view, the nature of the later boundary value 
problem can be described as follows. In the two-dimensional setting, the bifurcation problem for a clamped, 
homogeneous plate in the shape of J7, with uniform lateral compression on its edges has the eigenvalues A 
of the problem (|1.6ip as its critical points. In particular, the first eigenvalue of (|1.6ip is proportional to the 
load compression at which the plate buckles. 

One of the upshots of our work in this context is establishing a definite connection between the Krein-von 
Neumann extension of the Laplacian and the buckling problem ()1.62p . In contrast to the smooth case, since 
in our setting the solution w of ()1.6ip does not exhibit any extra regularity on the Sobolev scale H^{Vt), 
s > 0, other than membership to i^(51; d^x), a suitable interpretation of the boundary conditions in (|1.6ip 
should be adopted. (Here we shall rely on the recent progress from [86; where this issue has been resolved 
by introducing certain novel boundary Sobolev spaces, well-adapted to the class of Lipschitz domains.) We 
nonetheless find this trade-off, between the 2nd-order boundary problem (|1.60p which has nonlocal boundary 
conditions, and the boundary problem ()1.6ip which has local boundary conditions, but is of fourth-order, 
very useful. The reason is that (|1.61|) can be rephrased, in view of (|1.38p and related regularity results 
developed in [53], in the form of 

(-A -I- Vfu = A (-A -1- V)u in rj, u e i?o (^)- (1-63) 

In principle, this opens the door to bringing onto the stage the theory of generalized eigenvalue problems, 
that is, operator pencil problems of the form 

Tu^XSu, (1.64) 

where T and S are certain linear operators in a Hilbert space. Abstract results of this nature can be found 
for instance, in |125j . [145] . [164] (see also |121| . [122] . where this is applied to the asymptotic distribution 
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of eigenvalues). We, however, find it more convenient to appeal to a version of (|1.64p which emphasizes the 
role of the symmetric forms 



a{u,v):= d''x{-A + V)u{-A + V)v, u^veH^ip), (1.65) 

Jn 



b{u,v):= d'^xVu-\/v+ (TxV^/^uV'^/^v, u,v e H^{n), (1.66) 

Jn Jn 

and reformulate (|1.63p as the problem of finding u £ Hq (il) which satisfies 

a{u,v)=Xb{u,v) veH^iQ). (1.67) 

This type of eigenvalue problem, in the language of bilinear forms associated with differential operators, has 
been studied by Kozlov in a series of papers [llOj . |111| . |112j . In particular, in [112| . Kozlov has obtained 
Weyl asymptotic formulas in the case where the underlying domain fl in (|1.65p is merely Lipschitz, and the 
lower-order coefficients of the quadratic forms (|1.65p - (|1.66p are only measurable and bounded (see Theorem 
19.11 for a precise formulation). Our demand that the potential V is in L°°{U;d"x) is therefore inherited 
from Kozlov's theorem. Based on this result and the fact that the problems (|1.65p - (|1.67p and (|1.60l) are 
spectral-equivalent, we can then conclude that (|1.59p holds. Formulas (|1.55p - (|1.57l) are also a byproduct of 
the connection between p.60p and p.6ip and known spectral estimates for the buckling plate problem from 
US], HZ], 130], EH], UnS], [HI], [US], [m]. Similarly, p35)) for convex domains is based on the connection 
between (jl.60p and p.6ip and the eigenvalue inequality relating the first eigenvalue of a fixed membrane and 
that of the buckling problem for the clamped plate as proven in |142j (see also [143j . [144] ). 

In closing, we wish to point out that in the C°°-smooth setting, Grubb's remainder in (|1.40l) could, in 
principle, be sharper than that in (|1.59p . However, the main novel feature of our Theorem ll.il is the low 
regularity assumptions on the underlying domain fl, and the fact that we allow a nonsmooth potential 
V. As was the case with the Weyl asymptotic formula for the classical Dirichlet and Neumann Laplacians 
(briefly reviewed at the beginning of this section), the issue of regularity (or lack thereof) has always been 
of considerable importance in this line of work (as early as 1970, Birman and Solomyak noted in [39j that 
"there has been recently some interest in obtaining the classical asymptotic spectral formulas under the weakest 
possible hypotheses."). The interested reader may consult the paper |43| by Birman and Solomyak (see also 
[IT] . [H]), as well as the article [52] by Davies for some very readable, highly informative surveys underscoring 
this point (collectively, these papers also contain more than 500 references concerning this circle of ideas) . 

We note that the results in Sections HHSj originally appeared in [SF;, while those in Sections [7HTT] originally 
appeared in [28] . 

Finally, a notational comment: For obvious reasons in connection with quantum mechanical applications, 
we will, with a slight abuse of notation, dub —A (rather than A) as the "Laplacian" in this survey. 

2. The Abstract Krein-von Neumann Extension 

To get started, we briefly elaborate on the notational conventions used throughout this survey and espe- 
cially throughout this section which collects abstract material on the Krein-von Neumann extension. Let H 
be a separable complex Hilbert space, ( • , • )-h the scalar product in Ji (linear in the second factor), and I-n 
the identity operator in Ji. Next, let T be a linear operator mapping (a subspace of) a Banach space into 
another, with dom(r) and ran(T) denoting the domain and range of T. The closure of a closable operator 
S is denoted by S. The kernel (null space) of T is denoted by ker(r). The spectrum, essential spectrum, 
and resolvent set of a closed linear operator in H will be denoted by cr(-), crcss('), ^^'^ P('), respectively. The 
Banach spaces of bounded and compact linear operators on T-i are denoted by B{'H) and Soo('H), respectively. 
Similarly, the Schatten-von Neumann (trace) ideals will subsequently be denoted by Bp{'H), p G (0, cxd). The 
analogous notation B{Xi,X2), Boq{Xi,X2), etc., will be used for bounded, compact, etc., operators between 
two Banach spaces Xi and X2. Moreover, Xi 'H- X2 denotes the continuous embedding of the Banach space 
Xi into the Banach space X2. In addition, Ui + U2 denotes the direct sum of the subspaces C/i and U2 of a 
Banach space X\ and Vi ffi V2 represents the orthogonal direct sum of the subspaces Vj, j = 1, 2, of a Hilbert 
space %. 

Throughout this manuscript, if X denotes a Banach space, X* denotes the adjoint space of continuous 
conjugate linear functionals on X , that is, the conjugate dual space of X (rather than the usual dual space 
of continuous linear functionals on AT). This avoids the well-known awkward distinction between adjoint 
operators in Banach and Hilbert spaces (cf., e.g., the pertinent discussion in [TCF, p. 3, 4]). 
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Given a reflexive Banach space V and T G Biy.V*), the fact that T is self-adjoint is defined by the 
requirement that 

v{u,Tv)v = v{Tu,v)v ~ v{v^Tu)y-*, u,weV, (2.1) 

where in this context bar denotes complex conjugation, V* is the conjugate dual of V, and v( ■ i ■ }v* stands 
for the V, V* pairing. 

A linear operator S : dom(S') C "H — > "H, is called symmetric, if 

{u,Sv)n^{Su,v)n, u,v e dom{S). (2.2) 

If dom(S') = H, the classical Hellinger-Toeplitz theorem guarantees that S E B{H), in which situation S is 
readily seen to be self-adjoint. In general, however, symmetry is a considerably weaker property than self- 
adjointness and a classical problem in functional analysis is that of determining all self-adjoint extensions in 
■H of a given unbounded symmetric operator of equal and nonzero deficiency indices. (Here self-adjointness 
of an operator S in H, is of course defined as usual by (S) = S.) In this manuscript wc will be particularly 

interested in this question within the class of densely defined (i.e., dom(S') = T-i), nonnegative operators 
(in fact, in most instances S will even turn out to be strictly positive) and we focus almost exclusively on 
self-adjoint extensions that are nonnegative operators. In the latter scenario, there are two distinguished 
constructions which we will briefiy review next. 

To set the stage, we recall that a linear operator S : dom(S') CT-i^S'Tiis called nonnegative provided 

{u,Su)n>0, Medom(S'). (2.3) 

(In particular, S is symmetric in this case.) S is called strictly positive, if for some £ > 0, (u, Su)-^ > e||M|||^, 
u £ dom(5). Next, we recall that A < B for two self-adjoint operators in H if 

dom{\A\^/'^)Ddom{\B\^/^) and 

{\A\'/'u, Ua\A\'/'u)^ < {\B\'/\ Ub\B\'/'u)^, u G dom (|S| V^), ^^'^^ 

where Uc denotes the partial isometry in % in the polar decomposition of a densely defined closed operator 
C in 7^, C = Uc\C\, \C\ = {0*0)^1^. (If in addition, C is self-adjoint, then Uc and \C\ commute.) We also 
recall ([74j Part II], [1081 Theorem VI. 2. 21]) that if A and B arc both self-adjoint and nonnegative in T-L, 
then 

0< A<B if and only if < A^'"^ < B^l'^, 

equivalently, if and only if {B + al-u) < (^ + ciI-h) for all a > 0, 

and 

ker(A) = ker (A^/^) (2.6) 

(with C^" the unique nonnegative square root of a nonnegative self-adjoint operator C in H). 

For simplicity we will always adhere to the conventions that S* is a linear, unbounded, densely defined, 
nonnegative (i.e., S > 0) operator in "H, and that S has nonzero deficiency indices. In particular, 

def(S') = dim(ker(S'*-z/«)) eNU{cx)}, zeC\[0,oo), (2.7) 

is well-known to be independent of z. Moreover, since S and its closure S have the same self-adjoint 
extensions in H, we will without loss of generality assume that S is closed in the remainder of this section. 
The following is a fundamental result to be found in M. Krein's celebrated 1947 paper [116j (cf. also 
Theorems 2 and 5-7 in the English summary on page 492): 

Theorem 2.1. Assume that S is a densely defined, closed, nonnegative operator in %. Then, among 
all nonnegative self-adjoint extensions of S, there exist two distinguished ones, Sk o,nd Sp, which are, 
respectively, the smallest and largest {in the sense of order between self-adjoint operators, cf. (j2.4p ) such 
extension. Furthermore, a nonnegative self-adjoint operator S is a self-adjoint extension of S if and only if 
S satisfies 

Sk <S< Sp. (2.8) 

In particular, (|2.8p determines Sk and Sp uniquely. 

In addition, if S > el-u for some £ > 0, one has Sp > el-u, and 

dom{Sp) = dom(5) + {Sp^^ ker(5*), (2.9) 

dom(S'A') = dom(5) + ker(S'*), (2.10) 
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dom(S'*) = dom(5) + (5^)"^ ker(5*) + kei{S*) 

= dom(5i.)+kcr(S'*), (2.11) 

in particular, 

keriSK) = ker ((S'x)^/^) = ker(5*) = ran(5)^. (2.12) 

Here the operator inequalities in (|2.8p are understood in the sense of (|2.4p and hence they can equivalently 
be written as 

{Sf + alny^ ^ (S" + oJ-h)"^ < {Sk + alu)^^ for some (and hence for aU) a > 0. (2.13) 

We will call the operator Sk the Krein-von Neumann extension of S. See |116| and also the discussion 
in [14], [22], [23]. It should be noted that the Krein-von Neumann extension was first considered by von 
Neumann jl72] in 1929 in the case where S is strictly positive, that is, if S* > el-u for some £ > 0. (His 
construction appears in the proof of Theorem 42 on pages 102-103.) However, von Neumann did not isolate 
the extremal property of this extension as described in (|2.8|) and p.l3|) . M. Krein [116j . J117j was the 
first to systematically treat the general case S > and to study all nonnegative self-adjoint extensions of S, 
illustrating the special role of the Friedrichs extension (i.e., the "hard" extension) Sp of S* and the Krein-von 
Neumann (i.e., the "soft") extension Sk of S as extremal cases when considering all nonnegative extensions 
of S. For a recent exhaustive treatment of self-adjoint extensions of semibounded operators we refer to 
[21]-[24]. 

For classical references on the subject of self-adjoint extensions of semibounded operators (not necessarily 
restricted to the Krein-von Neumann extension) we refer to Birman [36], [37], Friedrichs [76], Freudenthal 
[75] . Grubb [91], [92], Krein |117| . Straus [162j . and Visik |171| (see also the monographs by Akhiezer and 
Glazman fTOl Sect. 109], Faris [74", Part HI], and the recent book by Grubb (HI Sect. 13.2]). 

An intrinsic description of the Friedrichs extension Sp oi S > due to Freudenthal [75] in 1936 describes 
Sp as the operator Sp ■ dom(5i^) C H ^ H given by 

Spu :— S*u, 

u € doni{Sp) :— {v £ dom(S'*) | there exists {wj}jgN C dom(5), (2-14) 

with lim \\vj — v\\-}i — and {{vj — Ufe), S{vj — Vk))-H — !■ as j, fc — >■ ooj. 

Then, as is well-known, 

Sp > 0, (2.15) 

doni {{Spy/^) ^ {v en\ there exists {vjjjen C dom(S'), (2.16) 

with lim \\vj — w||-h = and {{vj — Vk), S{vj — Vk))-H ^' as j, fc — > oo}, 

and 

Sf = 'S'*|dom(S*)ndom((SF)i/2). (2.17) 

Equations ()2.16|) and (|2.17|) are intimately related to the definition of Sp via (the closure of) the sesquilin- 
ear form generated by S as follows: One introduces the sesquilinear form 

9s(/,5) = (/,55)h, /,5eclom(gs) = dom(5). (2.18) 

Since S" > 0, the form qs is closable and we denote by Qs the closure of qs- Then Qs > is densely 
defined and closed. By the first and second representation theorem for forms (cf., e.g., [108[ Sect. 6.2]), Qs is 
uniquely associated with a nonnegative, self-adjoint operator in %. This operator is precisely the Friedrichs 
extension, Sp > 0, of S", and hence, 

Qsif,g) = if,SFg)n, f e dom(Q5), g £ dom(S'F), 

wo^ (2.19) 

dom(Qs)=dom((5F)'/'). 

An intrinsic description of the Krein-von Neumann extension Sk of S* > has been given by Ando and 
Nishio TO| in 1970, where Sk has been characterized as the operator Sk '■ dom(S'if) C H -^ T-L given by 

Sku '■= S*u, 

u G Aou\{Sk) '■— {v G dom(S'*) | there exists {fj}jeN C dom(S'), (2.20) 

with lim \\Svj — S*v\\-h — and {{vj — Vk), S{vj — Vk))n -^ as j,k ^ oo}. 
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By (|2.14p one observes that shifting S* by a constant commutes with the operation of taking the Friedrichs 
extension of 5, that is, for any c £ M, 

{S + cIn)F^SF + clH. (2.21) 

but by (|2.20p . the analog of (|2.2ip for the Krein-von Neumann extension Sk fails. 

At this point we recall a result due to Makarov and Tsekanovskii |126) . concerning symmetries (e.g., the 
rotational symmetry exploited in Section [TT|) . and more generally, a scale invariance, shared by S, S*, Sp, 
and Sk (see also |101] ). Actually, we will prove a slight extension of the principal result in |126j : 

Proposition 2.2. Let fi > 0, suppose that V,V^^ G B{T-L), and assume S to he a densely defined, closed, 
nonnegative operator in % satisfying 

VSV-^ = fiS, (2.22) 

and 

VSV-^ = {V*)-'^SV* {or equivalently, {V*V)-^S{V*V) ^ S). (2.23) 

Then also S* , Sp, and Sk satisfy 

{V*V)-^S*{V*V) = S*, VS*V-^ = fiS*, (2.24) 

{v*vy^SF{v*v) = 5*^, vSpV^^ = fiSp, (2.25) 

{V*V)-^Sk{V*V) = Sk, VSkV-^ = plSk- (2.26) 

Proof Applying [ml p. 73, 74], (f2:22| yields VSV'^ = {V*)-^SV*. The latter relation is equivalent to 
{V*V)-^S{V*V) = S and hence also equivalent to {V*V)S{V*V)-^ = S. Taking adjoints (and applying 
[T741 p. 73, 74] again) then yields {V*)-^S*V* = VS*V-^; the latter is equivalent to lv*V)-^S*{V*V) = 
S* and hence also equivalent to {V*V)S*(y*V)-^ = S. Replacing S and S* by {V*V)-^S{V*V) and 
{V*V)-'^S*(y*V), respectively, in ([SJi]) . and subsequently, in ([220]), then yields that 

{V*V)-^Sf{V*V) = Sp and {V*V)-^Sk{V*V) = Sk- (2.27) 

The latter are of course equivalent to 

{V*V)SF{V*Vy^ = Sp and {V*V)Sk{V*V)-'^ = Sk- (2.28) 

Finally, replacing S by VSV-'^ and S* by VS*V-^ in ([2J4| then proves VSpV-^ = iiSp. Performing the 
same replacement in (|2.20p then yields VSkV^^ = ^Sk- D 

If in addition, V is unitary (implying V*V ~ I-h), Proposition 12.21 immediatelv reduces to |126| Theorem 
2.2]. In this special case one can also provide a quick alternative proof by directly invoking the inequalities 
()2.13p and the fact that they are preserved under unitary equivalence. 

Similarly to Proposition 12. 2[ the following results also immediately follows from the characterizations 
([2T4)) and ((2?20l) of Sp and Sk, respectively: 

Proposition 2.3. Let U : Hi — )■ 7^2 be unitary from T-ii onto H2 and assume S to be a densely defined, closed, 
nonnegative operator in Tii with adjoint S* , Friedrichs extension Sp, and Krein-von Neumann extension 
Sk in Tii, respectively. Then the adjoint, Friedrichs extension, and Krein-von Neumann extension of the 
nonnegative, closed, densely defined, symmetric operator USU~^ in 'H2 are given by 

[USU-^]* = US*U-^, [USU-^]p = USpU-\ [USU-^]k = USkU-^ (2.29) 

in 'H2, respectively. 

Proposition 2.4. Let J C N 6e some countable index set and consider % = ®,gj^j and S = ®,g7 Sj, 
where each Sj is a densely defined, closed, nonnegative operator in Tij, j G J. Denoting by {Sj)p and {Sj)k 
the Friedrichs and Krein-von Neumann extension of Sj in TLj, j G J, one infers 

S*=^{S,r, Sp=^{S,)p, Sk=^{S,)k- (2.30) 

jeJ ]£J jeJ 

The following is a consequence of a slightly more general result formulated in [161 Theorem 1] : 

Proposition 2.5. Let S be a densely defined, closed, nonnegative operator in %. Then Sk, the Krein-von 
Neumann extension of S , has the property that 

douvi{SKf'^)^{ueH sup %4S^<+ool, (2.31) 

I t,edom(S) yV,Sv)H J 
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and 

\\{SK)''^u\t= sup %^%^, ^£dom((5K)^/^). (2.32) 



A word of explanation is in order here: Given 5* > as in the statement of Proposition 12.51 the Cauchy- 
Schwarz-type inequahty 

\{u,Sv)H\''<{u,Su)n{v,Sv)H, w,«edom(5), (2.33) 

shows (due to the fact that dom(S') "-^ % densely) that 

u e dom(S') and (u, Su)n = imply Su = 0. (2.34) 

Thus, whenever the denominator of the fractions appearing in (|2.3ip . ()2.32p vanishes, so does the numerator, 
and one interprets 0/0 as being zero in (|2.3ip . (12.321) . 

We continue by recording an abstract result regarding the parametrization of all nonnegative self-adjoint 
extensions of a given strictly positive, densely defined, symmetric operator. The following results were 
developed from Krein |116j . Visik |171j . and Birman [36], by Grubb [91], [9^. Subsequent expositions are 
due to Paris [74l Sect. 15], Alonso and Simon [M] (in the present form, the next theorem appears in [86]), 
and Derkach and Malamud [53], [127] . We start by collecting our basic assumptions: 

Hypothesis 2.6. Suppose that S is a densely defined, symmetric, closed operator with nonzero deficiency 
indices in Ti that satisfies 

S > el-H for some e > 0. (2.35) 

Theorem 2.7. Suppose Huvothesis \'2M Then there exists a one-to-one correspondence between nonnegative 
self-adjoint operators < B : dom(i?) C W — s> VV, dom{B) — W, where W is a closed subspace of 
Afo '■= ker(S'*), and nonnegative self-adjoint extensions Sb,w ^0 of S. More specifically, Sp is invertible, 
Sp > ^Ih: o,^d, one has 

dom(S'B.w) = {/ + [SFr^Bw + T]) + w\f e dom(S'), w e dom(B), ry e A/'o n W^}, 

Sb.W = 'S'*|dom(SB.w)' (2.36) 

where W'^ denotes the orthogonal complement of W in A/q . In addition, 

dom {{SB,wy^^) = dom((5f)i/2) +dom(Bi/2), (2.37) 

\\iSB,wy/^iu + g)\\l^^\\iSF)'^'u\\l + \\B'^'g\\l^, (2.38) 

u e dom((S'F)^/^), g e dom{B^^^), 



implying, 

Moreover, 

where 



keriSB.w) = ker(B). (2.39) 

B < B implies Sb,w ^ S^ y^, (2.40) 

B: dom{B) CW ^W, B: dom(B) CW ^ W, 

^ ^ (2.41) 

dom (B) = W C W = dom(B). 

In the above scheme, the Krein-von Neumann extension Sk of S corresponds to the choice W = A/q and 
B = {with dom(_B) = dom (_B^/^) = A/q = ker(S'*)). In particular, one thus recovers (|2.10p . and (|2.12p . 
and also obtains 

dom {{SkY/^) ^ dom ((S-f)^/^) + ker(S'*), (2.42) 

\\iSKy^^u + g)\\l = \\{SFy/^u\\l, ue dom ((5^)1/2), .g G ker(5*). (2.43) 

Finally, the Friedrichs extension Sp corresponds to the choice dom(_B) = {0} {i.e., formally, B = oo), in 
which case one recovers (|2.9|) . 

The relation B < B in the case where W ^W requires an explanation: In analogy to (|2.4p we mean 

{\B\^/^u,Ub\B\^/^u)^<{\B\^^\,U^\B\^^'u)^, uedom(|B|i/2) (2.44) 

and (following [14]) we put 

{\B\^/'^u,Ug\B\^/'^u)w = 00 for u G W\dom (IBI^/^). (2.45) 
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For subsequent purposes we also note that under the assumptions on S in Hypothesis 12. 6[ one has 

dini(ker(S'* - zin)) = dini(ker(S'*)) = dim(A/'o) = def (5), z G C\[e, oo). (2.46) 

The fo Rowing result is a simple consequence of (|2.10l) . (|2.9p . and (|2.20p . but since it seems not to have 
been explicitly stated in |116| . we provide the short proof for completeness (see also [1271 Remark 3]). First 
we recall that two self-adjoint extensions ^i and S2 of S are called relatively prime if dom(S'i) n dom(5'2) = 
dom(S'). 

Lemma 2.8. Suppose Hypothesis \2M Then Sp and Sk o,Te relatively prime, that is, 

dom(S'F) n Aoui{Sk) = dom(S'). (2.47) 

Proof. By JM]) and (I2l0ll it suffices to prove that ker(S'*) n (S'f)"^ ker(S'*) = {0}. Let /o G ker(S'*) n 
(S'_F)~^ker(S'*). Then S* fa = and /o = {SpY^ga for some go G ker(S'*). Thus one concludes that 
/o G dom(S'F) and Spfo = go- But Sp = 'S'*|dom(SF) ^^^ hence go = Spfo = S* fo = 0. Since go = one 
finally obtains /o = 0. D 

Next, we consider a self-adjoint operator 

T : dom(T) C H ^ H, T ^ T* , (2.48) 

which is bounded from below, that is, there exists a G M such that 

T>alu- (2.49) 

We denote by {ET{\)}\ev. the family of strongly right-continuous spectral projections of T, and introduce, 
as usual, ExHa, b)) = Erib^) — Exia), Exib-) — s-lime4_o Exib — e), — cxd < a < b. In addition, we set 

AiT,j :=inf {A gM| dim(ran(ST((-oo,A)))) > j}, j G N. (2.50) 

Then, for fixed A: G N, either: 

(i) Mt,/c is the A;th eigenvalue of T counting multiplicity below the bottom of the essential spectrum, a^ssiT), 

of T, ' 

or, 

(ii) ^T,k is the bottom of the essential spectrum of T, 

/XT,fe = inf{AGM|AGCTess(T)}, (2.51) 

and in that case fiT,k+e = MT.fe, ^ G N, and there are at most fc — 1 eigenvalues (counting multiplicity) of T 
below ^T.k- 

We now record a basic result of M. Krein |116] with an important extension due to Alonso and Simon [T3] 
and some additional results recently derived in [29| . For this purpose we introduce the reduced Krein-von 
Neumann operator Sk in the Hilbert space (cf. (12.12^ 1 

il = [kcviS*)]^ = [In - P^cr(S')]H = [In - P^oriSK)]^ = [kcr(5K)]^, (2.52) 

by 

Sk ■ = SK\[]ier{SK)]^ (2.53) 

= Sk[I-H - Pkcr{SK)] in [I-H - PkciiSK)]'H 
= [In - Pkci{SK)]^K[lH - -fkcr(SK)] i'^ i^'H ^ -Pkcr(SK)]^' 

where -Pkcr(SK) denotes the orthogonal projection onto ker(S'i^:) and we are alluding to the orthogonal direct 
sum decomposition of T-L into 

n = PkeriS^)n ® [In - Pkcr(SK)]W- (2-55) 

We continue with the following elementary observation: 



Lemma 2.9. Assume IIvvothesis \2.6\ and let v G doin{SK)- Then the decomposition, dom(S'i<-) = dom(S') + 
ker(S'*) {cf. ()2.10p ). leads to the following decomposition ofv, 

V = {Sf)^^Skv + w, where {Sf)^^Skv G dom(5') and w G ker(S'*). (2.56) 

As a consequence, 

{SKy' = [In - Pkcr(S^)]{SF)-'[In - ^ker(S^)]. (2.57) 

We note that equation (|2.57p was proved by Krein in his seminal paper |116j (cf. the proof of Theorem 
26 in |116j ). For a different proof of Krein's formula (|2.57p and its generalization to the case of non- negative 
operators, see also |1271 Corollary 5]. 
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Theorem 2.10. Suppose Hvvothesis \'2.Q[ Then, 

e < A^s.,, < /^s^,,, jeN. (2.58) 

In particular, if the Friedrichs extension Sp of S has purely discrete spectrum, then, except possibly for 
A = 0, the Krein-von Neumann extension Sk of S also has purely discrete spectrum in (0, cxd), that is, 

a^ssiSp) = implies CTe.s(S'K)\{0} = 0. (2.59) 

In addition, let p G (0, cxd) U {oo}, then 

{Sp — zqI-u)^^ e BpCH) for some zq £ C\[£, oo) 

(2.60) 
implies {Sk ~ zlu) [In ~ ^kcr(SA-)] ^ ^pi'H) for all z G C\[e, oo). 

In fact, the £P{N)-based trace ideals Bp{'H) of B{'H) can he replaced by any two-sided symmetrically normed 
ideals of B{H). 

We note that (I2.59|) is a classical result of Krein [116] , the more general fact (|2.58p has not been mentioned 
explicitly in Krein's paper |116| . although it immediately follows from the minimax principle and Krein's 
formula (|2.57p . On the other hand, in the special case def(S') < oo, Krein states an extension of (j2.58p in 
his Remark 8.1 in the sense that he also considers self-adjoint extensions different from the Krein extension. 
Apparently, ()2.58|) in the context of infinite deficiency indices has first been proven by Alonso and Simon 
[l4] by a somewhat different method. Relation (|2.60|) was recently proved in [29] for p G (0, oo). 

Concluding this section, we point out that a great variety of additional results for the Krein-von Neumann 
extension can be found, for instance, in [TOl Sect. 109], [HI, [16]-[18], [H Chs. 9, 10], [20]-[24], [29], [48], 
[64], [65], [Za Part III], [79l Sect. 3.3], [86], [94], [98], [99], [T0T]-[T03]. [TT8] . [TT9] . [139], [US], [l57]-[T59]. 
[161j . |167j . jl68j . |170j . and the references therein. We also mention the references [Il]-[73] (these authors, 
apparently unaware of the work of von Neumann, Krein, Vishik, Birman, Grubb, Strauss, etc., in this 
context, introduced the Krein Laplacian and called it the harmonic operator, see also [^|). 

3. The Abstract Krein-von Neumann Extension and its Connection to an Abstract 

Buckling Problem 

In this section we describe some results on the Krein-von Neumann extension which exhibit the latter 
as a natural object in elasticity theory by relating it to an abstract buckling problem. The results of this 
section appeared in [53]. 

We note that (|2.59p is a classical result of Krein [116] , the more general fact (|2.58p has not been mentioned 
explicitly in Krein's paper [116| . although it immediately follows from the minimax principle and Krein's 
formula (j2.57|) . On the other hand, in the special case def(5') < oo, Krein states an extension of (j2.58|) in 
his Remark 8.1 in the sense that he also considers self-adjoint extensions different from the Krein extension. 
Apparently, (|2.58|) has first been proven by Alonso and Simon [14] by a somewhat different method. For a 
great variety of additional results on the Krein-von Neumann extension we refer to the very extensive list 
of references in [24] , [28] , and [102| . 

Next, we prove turn to the principal result of this section, the unitary equivalence of the inverse of the 
Krein-von Neumann extension (on the orthogonal complement of its kernel) of a densely defined, closed, 
operator S satisfying S > el-u for some e > 0, in a complex separable Hilbert space H to an abstract buckling 
problem operator. 

We start by introducing an abstract version of Proposition 1 in Grubb's paper [94 devoted to Krein-von 
Neumann extensions of even order elliptic differential operators on bounded domains: 

Lemma 3.1. Assume Hupothesis \2.6\ and let A ^ 0. Then there exists ^ w G dom(S'i^:) with 

Skv = Xv (3-1) 

if and only if there exists =/= u £ dom(S'*S') such that 

S*Su = XSu. (3.2) 

In particular, the solutions v of p.ip are in one-to-one correspondence with the solutions u of (|3.2|) given 
by the formulas 

u = {Sp)-^Skv, (3.3) 

V = \-^Su. (3.4) 

Of course, since Sk > 0, any \ ^ Q in ()3.1|) and ()3.2p necessarily satisfies A > 0. 
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Proof. Let Skv — \v, v G Aotci^Sk), A 7^ 0, and w = u + w, with u e dom(S') and w G ker(S'*). Then, 

Skv = Af <;=> V = X^^Skv = X^^Sku = X^^Su. (3-5) 

Moreover, u = implies v = and clearly v = implies u = w = 0, hence v =/= ii and only ii u =^ 0. In 
addition, u = {Sf)~^Skv by ^M^. Finally, 

Xw — Su — Au G ker(S'*) implies 

= XS*w = S*{Su - Xu) = S*Su - XS*u = S*Su - XSu. ^^'^' 

Conversely, suppose u G dom(5*S') and S*Su — XSu, A / 0. Introducing v — X^^Su, then v G dom(5*) 
and 

S*v = X-^S*Su = Su = Xv. (3.7) 

Noticing that 

S*Su = XSu = XS*u implies S*{S ~ XI-h)u = 0, (3.8) 

and hence (5 — XI-u)u G kcr(5*), rewriting v as 

V = u + X-\S - XIh)u (3.9) 

then proves that also v G dom(S'/f), using (I2.10[) again. D 



Due to Example 13.51 and Remark 13.61 at the end of this section, we will call the linear pencil eigen- 
value problem S* Su = XSu in (J3.2I) the abstract buckling problem associated with the Krein-von Neumann 
extension Sk of S. 

Next, we turn to a variational formulation of the correspondence between the inverse of the reduced Krein 
extension Sk and the abstract buckling problem in terms of appropriate sesquilinear forms by following the 
treatment of Kozlov |110| - pi^ in the context of elliptic partial differential operators. This will then lead to 
an even stronger connection between the Krein-von Neumann extension Sk of S and the associated abstract 
buckling eigenvalue problem p.2p . culminating in a unitary equivalence result in Theorem 13.41 

Given the operator S, we introduce the following sesquilinear forms in Ti, 

a{u,v) — (Su, Sv)-^, UjU G dom(a) = dom(S'), (3.10) 

b{u,v) — {u,Sv)-H, u, w G dom(6) = dom(S'). (3.11) 

Then S being densely defined and closed implies that the sesquilinear form a shares these properties and 
(|2.35p implies its boundedness from below, 

a{u, u) > £^||u||^, u G dom(S'). (3.12) 

Thus, one can introduce the Hilbert space W = (dom(S'), (•, •)>v) with associated scalar product 

{u,v)w = a{u,v) — {Su, Sv)n, u,wGdom(S'). (3.13) 

In addition, we denote by lw the continuous embedding operator of W into "H, 

iw-W^n. (3.14) 

Hence we will use the notation 

iwi,W2)w ^ a,{Lwwi,LwW2) = {SlwWi,SlwW2)-h, wi,W2 ^yV, (3.15) 

in the following. 

Given the sesquilinear forms a and b and the Hilbert space W, we next define the operator T in W by 

{wi , Tw2)w = aiiwwi , LwTw2) = {SlwWi , SlwTw2)-h 

= b{LwWi,LwW2) ^ iiWWl,SiwW2)n, Wi,W2eW. 

(In contrast to the informality of our introduction, we now explicitly write the embedding operator ivv-) 
One verifies that T is well-defined and that 

\iwi,Tw2)w\ < hwWi\\n\\SiwW2\\n < e"^||'i«i||>v||w2||w, wi,W2 G W, (3.17) 

and hence that 

0<r = T*G6(W), \\T\\s(w)<e-'- (3.18) 

For reasons to become clear at the end of this section, we will call T the abstract buckling problem operator 
associated with the Krein-von Neumann extension Sk of S. 
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Next, recalling the notation Ti, = [ker(S'*)]^ = [/-^ — -Pkci(5*)]^ (cf- (|2.52l) '). we introduce the operator 

^:|^-^' (3.19) 

and note that 

ran {S) = ran(5') = H, (3.20) 

since S > elu for some e > and S is closed in T-L (see, e.g., |174[ Theorem 5.32]). In fact, one has the 
following result: 

Lemma 3.2. Assume Hvvothesis \2.6[ Then S G S(yV,?^) maps W unitarily onto Ti. 

Proof. Clearly S is an isometry since 

\\Sw\\^ = \\Slww\\^^\\w\\w, weW. (3.21) 

Since ran {S) =nhy dS^D]), S is unitary D 

Next we recall the definition of the reduced Krein-von Neumann operator Sk in "H defined in (|2.54p , the 
fact that ker(S'*) = ker(S'i^:) by (|2.12p . and state the following auxiliary result: 



Lemma 3.3. Assume Huvothesis \2.&\ Then the map 

[In ~ Pkcr(s-)] : dom(5) ^ dom [Sk) (3.22) 

is a bijection. In addition, we note that 

[l-H - -Pkcr(S*)] SkU = Sk [I-H - ^kcr(S')] U^ Sk [Ih - ^kor(S')] u 

= [l-H — P\icr(s*)]Su — Su G H, u G dom(5'). 

Proof. Let u G dom(S'), then ker(5'*) = ker(S'if) imphes that [I-h — PkcT{S')]u G dom{SK) and of course 
[l-H — Pkci-{s*)]u S dom (Sk)- To prove injectivity of the map (|3.22p it suffices to assume v G dom(S') and 
[I-H - PkcriS')]'" = 0. Then dom(S') 3 v ^ PkciiS')V e ker(S'*) yields v = as dom(S') n ker(S'*) = {0}. 
To prove surjectivity of the map (|3.22p we suppose u G dom (Sk)- The decomposition, u = f + g with 
/ G dom(S') and g G ker(S'*), then yields 

u=[ln- Pkor(s-)]" = [In - Pkcr(S')]fe [in - Pkcr{S')] dom{S) (3.24) 

and hence proves surjectivity of p.22p . 
Equation (|3.23p is clear from 

Sk [in - -fker(S*)] = [in - -fker(S*)] Sk = [in - -Pker(S'*)] Sk [in - -fker(S'*)] ■ (3.25) 

n 

Continuing, we briefly recall the polar decomposition of S, 

S^Us\Sl (3.26) 

with 

\S\ = (S'*S')i/2 > el-H, e > 0, Us e B{n, %) is unitary. (3.27) 

At this point we are in position to state our principal unitary equivalence result: 



Theorem 3.4. Assume Hupothesis \2.6[ Then the inverse of the reduced Krein-von Neumann extension Sk 
in % = [if-i — Pkcr(S*)]^ o.'^'d the abstract buckling problem operator T in W are unitarily equivalent, in 
particular, 

{SKy'^ST{S)-\ (3.28) 

Moreover, one has 

(Sk)'' = Us[\S\-'S\S\-']{Us)-\ (3.29) 

where Us G Bh-L^n) is the unitary operator in the polar decomposition (|3.26p of S and the operator 
\S\-'^S\S\-^ G B{n) IS self-adjoint in H. 
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Proof. Let wi,W2 G W. Then, 

{wi,{S) (Sk) Sw2)y^ = {Swi,{Sk) Sw2)^ 



= {{Sk) Swi,Sw2)y^ = {{^k) SlwWi,Sw2)^ 

= {{Sk) [I-h - Pkcr(S'-)]SiwWi, Sw2)fi by p.23p 

= {{Sk) Sk [in - ^kcr(s*)] t-wWi,Sw2)^ again by (|3.23p 

= {[I-H - Pkcr(S*)]l^WWl,Sw2)fi 
= {lwWi,SlwW2)^ 

= {wi,Tw2)y^ by definition of T in H^J^ . (3.30) 

yields (I3.28P . In addition one verifies tliat 

{Swi, {Sk) Sw2)fi = {wi,Tw2)y^ 

= {iWWl,SLwW2)^ 

= {\S\~'^\S\LwWl,S\S\~^\S\LwW2)y^ 

= {\S\iwWu[\S\-'S\Sr']\S\iwW2)^ 
- {{UsTScwWi, [\S\'^S\S\-^]{Us)*SiwW2)^ 
^{Siwm,Us[\sr'S\S\-^]{Us)*SiwW2)^ 

= {Swi,Us[\S\-'S\S\-']{Us)*Sw2)^, (3.31) 

wfiere we used l^l = iUs)*S. D 

Equation (13.29^ is of course motivated by rewriting the abstract linear pencil buckling eigenvalue problem 
(Ha), S*Su = XSu, A ^ 0, in the form 

X-^S*Su = X-\S*S)^/^ [(5*5)1/2^] ^ S{S*S)-^/^ [iS*S)^^^u\ (3.32) 

and hence in the form of a standard eigenvalue problem 

|5ri5|S'riw = A-^w, A 7^0, w = \S\u. (3.33) 

We conclude this section with a concrete example discussed explicitly in Grubb [M] (see also [ni]-[S3] for 
necessary background) and make the explicit connection with the buckling problem. It was this example 
which greatly motivated the abstract results in this note: 

Example 3.5. ([94 .) Let H = L^{^; (f'x), with H. C M", n >2, open and bounded, with a smooth boundary 
dil, and consider the minimal operator realization S of the differential expression .5^ in L'^{fl;d"x), defined 
by 

Su = yu, (3.34) 

u e dom(S') = i?o'"(f^) = {ve H^"'{n) | 7^-^ = 0, < fc < 2m - l}, m G N, 

where 

y= Y. «"(-)^", (3.35) 

0<|Q|<2m 

D"' = {-id/dxi)°''---{-id/dxn)"", a = (ai, . . . ,a„) G MJJ, (3.36) 

a„(-)GC°°(f7), C"°(n)= f]C''m, (3.37) 

keNo 

and the coefficients Oa are chosen such that S is symmetric in L^(IR"; d"x), that is, the differential expression 
■S^ is formally self-adjoint, 

(^u,-i;)L2(R„.d„a.) = (M,^w)i2(R„.rf„^), u,veC^{n), (3.38) 

and .y is strongly elliptic, that is, for some c > 0, 

Re( ^ aa(a;)r) >c|?P", a; G f7, ^ G M". (3.39) 

^|Q|=2m ^ 



7.:r.,^:"^r '^ ' (3.40) 
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In addition, we assume that S > elL'^in-.d^x) for some e > 0. The trace operators 7^, are defined as follows: 
Consider 

u^ (5^M)|ao, 

with dn denoting the interior normal derivative. The map 7 then extends by continuity to a hounded operator 

7fe : i/"(f7) ^ H'-k-{^n) (5f^)^ s>k + (1/2), (3.41) 

in addition, the m,ap 

r 

7W = (7o,...,7.):if^(f^)^n^'"'"^'^'^(^")' 5>^+(l/2), (3.42) 

satisfies 

T 

ker(7W) = H(^(r!), ran(7('-)) = ^H'-^-^^l^\d^). (3.43) 

fc=0 

Then S* , the maximal operator realization of ^ in L"^ [Vl\ d'^ x) , is given by 

S*u^yu, uedom{S*) = {veL^{n;d'^x)\yveL^{n;d''x)}, (3.44) 

and Sf is characterized by 

Spu = -Yu, u G AomiSp) = {w e ^^"(r^) | 7fci; = 0, < A: < m - l}. (3.45) 

The Krein-von Neumann extension Sk of S then has the domain 

dom{SK) =- i?o"(f^) + ker(S'*), dim(ker(5*)) = oo, (3.46) 

and elements u G doni(S'x) satisfy the nonlocal boundary condition 

Inu ~ Pjo.jnIdu = 0, (3.47) 

1dU= {'JoU,...,Jrn-lu), 7ArU = (7„iU, ...,72„i_iu), M £ doHl ( S'if ) , (3.48) 

where 

m—l 2m — 1 

P-yo,iN = iNlz^ ■■ n H''-^~^^''^\dn) -^ W W~^-^^l^\dn) continuously for all s G M, (3.49) 

k—0 j—rn 

and 7^^ denotes the inverse of the isomorphism jz given by 

m—l 

jD Z'y^Yl H'-^-^^l^\dn), (3.50) 

Zy == |u G H'^iyi) S^u = m 51 in the sense of distributions in T>'{n)}, s G M. (3.51) 

Moreover one has 

(S) = Lw[I-H- P-tDnNlD]{SK) , (3.52) 

since [/-h — -F7i3,7iv7-D] dom(5if) C dom(S') and S[I-h — P'yDrfNl'D]v = Au, v G dom(S'K). 
As discussed in detail in Grubb [9 A], 

cTcssiSK) = {0}, aiSii) n (0, ^) - adiSx) (3.53) 

and the nonzero {and hence discrete) eigenvalues of Sk satisfy a Weyl-type asymptotics. The connection to 
a higher-order buckling eigenvalue problem established by Grubb then reads 

There exists ^ u G Sk satisfying ,5^v = Xv in fl, A ^ (3.54) 

if and only if 

there exists ^ u G C°°(n) such that < ' ' (3.55) 

|7feU = 0, < fc< 2m-l, 

where the solutions v of p.54p are in one-to-one correspondence with the solutions u of p.55p via 

u = Sp^Yv, V = X-^Yu. (3.56) 

Since Sp has purely discrete spectrum in Example 13. 5[ we note that Theorem 12.101 applies in this case. 
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Remark 3.6. In the particular case to = 1 and =5^ = —A, the hnear pencil eigenvalue problem (j3.55p (i.e., 
the concrete analog of the abstract buckling eigenvalue problem S*Su = XSu, A ^ 0, in (|3.2I) '). then yields 
the buckling of a clamped plate problem,, 

i-Afu = A(-A)u in n, X^O, ue H^i^), (3.57) 

as distributions in iJ~^(ri). Here we used the fact that for any nonempty bounded open set SI C M", n G N, 
n > 2, (-A)™ G B{H^{n),H^-'^'^{n)), kGZ,mGN. In addition, if fi is a Lipschitz domain, then one has 
that —A: -ffo(^) — ?> H~^{n) is an isomorphism and similarly, (— A)^: ifo(^) ~^ H~^{U) is an isomorphism. 
(For the natural norms on H''{n), fc G Z, see, e.g., [134[ p. 73-75].) We refer, for instance, to [35l Sect. 
4.3B] for a derivation of (13.57^ from the fourth-order system of quasilinear von Karman partial differential 
equations. To be precise, (I3.57|) should also be considered in the special case n = 2. 

Remark 3.7. We emphasize that the smoothness hypotheses on dfl can be relaxed in the special case of the 
second-order Schrodinger operator associated with the differential expression —A+V, where V G L°°(17; (i"x) 
is real-valued: Following the treatment of self-adjoint extensions of S* = (—A -|- V)\c°°{n) on quasi-convex 
domains fl introduced in [86 , and recalled in Section [BJ the case of the Krein-von Neumann extension Sk 
of S on such quasi-convex domains (which are close to minimally smooth) is treated in great detail in |28| 
and in the remainder of this survey (cf. Section [7|). In particular, a Weyl-type asymptotics of the associated 
(nonzero) eigenvalues of Sk, to be discussed in Section[SJ has been proven in pS] . In the higher-order smooth 
case described in Example 13. 5[ a Weyl-type asymptotics for the nonzero eigenvalues of Sk has been proven 
by Grubb [M; in 1983. 

4. Trace Theory in Lipschitz Domains 

In this section we shall review material pertaining to analysis in Lipschitz domains, starting with Dirichlet 
and Neumann boundary traces in Subsection 14.11 and then continuing with a brief survey of perturbed 
Dirichlet and Neumann Laplacians in Subsection [ 



4.1. Dirichlet and Neumann Traces in Lipschitz Domains. The goal of this subsection is to introduce 
the relevant material pertaining to Sobolev spaces iJ*(f2) and H^{dft) corresponding to subdomains ft of 
M", n G N, and discuss various trace results. 

Before we focus primarily on bounded Lipschitz domains, we briefly recall some basic facts in connection 
with Sobolev spaces corresponding to open sets ft C M", n G N: For an arbitrary to, G N U {0}, we follow the 
customary way of defining L^-Sobolev spaces of order ztm in fl as 

W{n) ■- {u G L^iil; (Tx) I d°'u G i^(f7; (Tx), < |a| < to}, (4.1) 

H-"'{n):=[ucV'{Vl) u^ Y^ (9"mc,, withu„ GL2(rj;d"a;), 0< |a| <toJ, (4.2) 

0<|Q|<m ^ 

equipped with natural norms (cf., e.g., pj Ch. 3], [1291 Ch. 1]). Here V'[U) denotes the usual set of 
distributions on Vl C M". Then we set 

H^{n) := the closure of C^{9) in iJ™(rj), to G N U {0}. (4.3) 

As is well-known, all three spaces above are Banach, reflexive and, in addition, 

{H^{VL))* =H-"\n). (4.4) 

Again, see, for instance, [2] Ch. 3], [129", Ch. 1]. 

We recall that an open, nonempty set Vt C M" is called a Lipschitz domain if the following property 
holds: There exists an open covering {Oj}i<j<n of the boundary dVl of Q, such that for every j G {1, ..., A^}, 
Oj n SI coincides with the portion of Oj lying in the over-graph of a Lipschitz function ipj : M"^^ — > K 
(considered in a new system of coordinates obtained from the original one via a rigid motion). The number 
max{|| V(pj||/^oo/jj,i-i.^7i-i^/)7i-i 1 1 < J < A^} is said to represent the Lipschitz character of f2. 

The classical theorem of Rademacher on almost everywhere differentiability of Lipschitz functions ensures 
that for any Lipschitz domain SI, the surface measure d^~^u! is well-deflned on dO, and that there exists an 
outward pointing normal vector v at almost every point of 9S1. 

As regards i^-based Sobolev spaces of fractional order s G M, on arbitrary Lipschitz domains Vl C M", we 
introduce 



iJ''(M") ■.= {U e S'{W") 



ml^,M^)= d-^\u{o\\i + \e')<^}: (4.5) 
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H'{n) := {u e V'{n) \u^U\n for some U G H'{W)} = Rn H'{R''), (4.6) 

where Rn denotes the restriction operator (i.e., Rq U = U\q, U G if *(IR")), 5'(M") is the space of tempered 
distributions on M", and U denotes the Fourier transform oi U € <S'(E"). These definitions are consistent 
with (|4.1I) . (|4.2p . Next, retaining that il C M" is an arbitrary Lipschitz domain, we introduce 

H^{n) -.^ {ueH'{W')\supp{u)cn}, sgM, (4.7) 

equipped with the natural norm induced by iJ''(M"). The space iio(^) i^ reflexive, being a closed subspace 
of iJ^(]R"). Finally, we introduce for all s e R, 

H^n) = the closure of C^(f^) in H^Q), (4.8) 

H!{n) = RnH^m. (4.9) 

Assuming from now on that il C M" is a Lipschitz domain with a compact boundary, we recall the 
existence of a universal linear extension operator En ■ 'D'{^) — > 5'(M") such that En : H^{il,) — ^ i7*(M") 

is bounded for all s G M, and RnEn = lH=(n) (cf- [152) 1. If C§°{il) denotes the set of C^ (ri)-functions 

extended to all of M" by setting functions zero outside of ft, then for all s G E, C^{il.) ^t- i?o(f^) densely. 
Moreover, one has 

(H^iQ))* =H-'{n), sgM. (4.10) 

(cf., e.g., [107] ) consistent with (|4.3p . and also, 

{H%n)y=H^%n), sGM, (4.11) 

in particular, H'^{n) is a reflexive Banach space. We shall also use the fact that for a Lipschitz domain 
ri C M" with compact boundary, the space H^{n) satisfles 

H'iQ) = HtiQ) if s > -1/2, s ^ {i + No}. (4.12) 

For a Lipschitz domain O C M" with compact boundary it is also known that 

{H%n))* = H-^n), -l/2<s<l/2. (4.13) 

See |165) for this and other related properties. Throughout this survey, we agree to use the adjoint (rather 
than the dual) space X* of a Banach space X. 

From this point on we will always make the following assumption (unless explicitly stated otherwise): 

Hypothesis 4.1. Let n £ N, n > 2, and assume that ^ fJ C M" is a bounded Lipschitz domain. 

To discuss Sobolev spaces on the boundary of a Lipschitz domains, consider first the case where fl C M" 
is the domain lying above the graph of a Lipschitz function (p: M"^^ — ^ M. In this setting, we define the 
Sobolev space H'^{dil) for < s < 1, as the space of functions / G L'^{dil;d''^~^uj) with the property that 
f{x\(p{x')), as a function of x' G M"^^, belongs to i/*(]R"^^). This definition is easily adapted to the case 
when n is a Lipschitz domain whose boundary is compact, by using a smooth partition of unity. Finally, for 
— 1 < s < 0, we set 

H'{dn) = {H-'{dQ))*, -Is^ssCO. (4.14) 

From the above characterization of H'^ (dil) it follows that any property of Sobolev spaces (of order s G [—1,1]) 
defined in Euclidean domains, which arc invariant under multiplication by smooth, compactly supported 
functions as well as composition by bi-Lipschitz diffeomorphisms, readily extends to the setting of H''{dfl) 
(via localization and puUback). For additional background information in this context we refer, for instance, 
to [Zni Chs. V, VI], lini Ch. 1]. 

Assuming Hypothesis 14.11 we introduce the boundary trace operator 7^ (the Dirichlet trace) by 

j% ■■ cm ^ C{dn), 7°,u = ulan. (4.15) 

Then there exists a bounded, linear operator "fu 

-ID- H'{n) ^ H'-^^^^\dn) ^ L^{dfl;d''-^u;), 1/2 < s < 3/2, 

(4 16) 
jD- H^^^{^)^H^'%dn)^L\dn;d"~^uj), eG(0,l) 

(cf., e.g., [1341 Theorem 3.38]), whose action is compatible with that of 7^. That is, the two Dirichlet trace 
operators coincide on the intersection of their domains. Moreover, we recall that 

7r, : H''{n) ^ H^'^^^^^^dn) is onto for 1/2 < s < 3/2. (4.17) 
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Next, retaining Hypothesis 14.11 we introduce the operator 7jv (the strong Neumann trace) by 

'yj^ = i,--fDV: H'+\n)^L^{dn;d''-'^uj), 1/2 < s < 3/2, (4.18) 

where v denotes the outward pointing normal unit vector to dfl. It follows from (I4.16P that jn is also a 
bounded operator. We seek to extend the action of the Neumann trace operator (|4.18p to other (related) 
settings. To set the stage, assume Hypothesis 14.11 and observe that the inclusion 

L:H''>{n)^{H'-{n)y, So > -1/2, r > 1/2, (4.19) 

is well-defined and bounded. We then introduce the weak Neumann trace operator 

jN- {ueH''+^/^{n)\AueH''°{n)} ^H'-^on), s g (o,i), so > -1/2, (4.20) 

as follows: Given u G H'^^^^'^{Q) with Am G H'^"{Q) for some s G (0, 1) and so > —1/2, we set (with l as in 
(|4J9ll for r := 3/2 - s > 1/2) 

{(j),^Nu)i-s = ffi/2-.(n)(V$, VM)(Hi/2-.(n))* +H3/2-.(n)($,t(Au))(^3/2-.(o))., (4.21) 

for all (j) G i/^"^(9Sl) and $ G H^/^^''{n) such that 7_D<i> = 0. We note that the first pairing in the right-hand 
side above is meaningful since 

{H^/'^-'{Q)y =H'''^/'^{n), sG(0,l), (4.22) 

that the definition (14.211) is independent of the particular extension $ of (j), and that jn is a bounded 
extension of the Neumann trace operator jn defined in (|4.18p . 

For further reference, let us also point out here that if 57 C M" is a bounded Lipschitz domain then for 
any j,k G {1, ...,n} the (tangential first-order differential) operator 

d/dTj^k-.^i'jdk-iykdj ■.H''{dn)^H''-\dn), < s < 1, (4.23) 

is well-defined, linear and bounded. Assuming Hypothesis 14.11 we can then define the tangential gradient 
operator 

/^v,„./:.(e;l..^)^^^,^,^ • z^'^'f^)^ '^^^^' 

The following result has been proved in |131j . 

Theorem 4.2. Assume Hvvothesis H.ll and denote by v the outward unit normal to 9f2. Then the operator 

JH^n) ^ {(.9o,.9i) G H\dn) X L^dn;d"-^Lj) I ^tango + 911^ e {H^/^(dn)Y] .^ ^^. 

72 : < ' (4.25) 

[ U 1~> 72W = {■JDU , 7jvw), 

is well-defined, linear, bounded, onto, and has a linear, bounded right-inverse. The space {(ffoiffi) G 
H^(dn) X L^{dn;d^^~^uj) | V tango + git^ G (if^/^(9il)) } in (14.25^ is equipped with the natural norm 

(50, 5l) ^ WgoWH^dn) + \\gi\\L^dn;d"-^u:) + II VtanffO + ffl^^ll (//1/2 (ao))" ■ (4-26) 

Furthermore, the null space of the operator (|4.25p is given by 

ker(72) := {u G H^i^) \ -fou = j^u - 0} = H^{n), (4.27) 

with the latter space denoting the closure ofC^{fl) in H'^{il). 
Continuing to assume Hypothesis 14. 1[ we now introduce 

N^^^idn) := {g G L^{dn;d"'~^uj) \ gvj G H^/^{dn), I < j < n}, (4.28) 

where the z/^'s are the components of v. We equip this space with the natural norm 

n 

llfflUi/2(ao) :=5Ill5'^jll«'/'(9f2)- (^-2^) 

Then N^^^{dfl) is a refiexive Banach space which embeds continuously into L^(dfl; d'^'^u}). Furthermore, 

N^/^{dn) ^ H^/^{dn) whenever fi is a bounded C^'"' domain with r > 1/2. (4.30) 

It should be mentioned that the spaces H^/'^(dVl) and iV^/^(9ri) can be quite different for an arbitrary 
Lipschitz domain J7. Our interest in the latter space stems from the fact that this arises naturally when 
considering the Neumann trace operator acting on 

{u G H'^{n) I 7CW = 0} = H'^iVL) n Hl{n), (4.31) 
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considered as a closed subspace of H^{n) (hence, a Banach space when equipped with the iJ^-norm). More 
specificaUy, we have (cf. PSI for a proof): 

Lemma 4.3. Assume Hvvothesis lA.ll Then the Neumann trace operator jn considered in the context 

jN ■■ H^{^) n H^{n) -> N^/^{dn) (4.32) 

is well-defined, linear, bounded, onto and with a linear, bounded right-inverse. In addition, the null space of 
jN in (|4.32|) is precisely H§{n), the closure ofC^{n) in H'^{D,). 

Most importantly for us here is the fact that one can use the above Neumann trace result in order to 
extend the action of the Dirichlet trace operator (I4.16P to dom{—Amax,n), the domain of the maximal 
Laplacian, that is, {u e L^{V.;d^x) \ Au G L'^ {H.; d^ x)} , which we consider equipped with the graph norm 
u n> ||M||i2(f2;d"2:) + ||Au||i2(n;d"K)- Spccifically, with (A^^/^(9n)) denoting the conjugate dual space of 
N^^'^{dfl), we have the following result from [86] : 



Theorem 4.4. Assume Huvothesis \4:.1\ Then there exists a unique linear, bounded operator 

7Z3 : {ueL^{n;d"x)\AueL^{n:,d''x)} -^ (N^/^id^))* (4.33) 

which is compatible with the Dirichlet trace introduced in (|4.16p . in the sense that, for each s > 1/2, one has 

jjju = -fDU for every u E TT'{Q) with Au E L'^{^; d"a;). (4.34) 

Furthermore, this extension of the Dirichlet trace operator in (j4.16|) allows for the following generalized 
integration by parts formula 

Ari/2(an)(7Ar'fi',7Du)(Ari/2(an))* = i^W , u) ^2 1^^.^,^ ^^ - {w , Au) l2 /^^.^^ ^^ , (4.35) 

valid for every u E i^(ri; d"x) with Au E L^{^; d"'x) and every w E iJ^(fi) fl i/g (f^)- 

We next review the case of the Neumann trace, whose action is extended to dom{^ A^ax .n) ■ To this end, 
we need to address a number of preliminary matters. First, assuming Hypothesis 14. 11 we make the following 
definition (compare with (|4.28p ): 

N'^^dn) := {g E H\dn) \ Vtang e {H'^'idn))''}, (4.36) 

equipped with the natural norm 

11511^3/2(90) := ll5llL2(an;d"-ia;) + l|Vta«ff||(Hi/2(an))r.. (4.37) 

Assuming Hvpothesis l4.1[ A^'^/^(i90) is a reflexive Banach space which embeds continuously into the space 
H^{d^; d"~^a;). In addition, this turns out to be a natural substitute for the more familiar space H^/^{d^) 
in the case where f2 is sufficiently smooth. Concretely, one has 

7V3/2(af7) = H^/^{dn), (4.38) 

(as vector spaces with equivalent norms), whenever 51 is a bounded C^'"^ domain with r > 1/2. The primary 
reason we are interested in N^^^{dn) is that this space arises naturally when considering the Dirichlet trace 
operator acting on 

{uEH^in)\jNU = 0}, (4.39) 

considered as a closed subspace of H^{il) (thus, a Banach space when equipped with the norm inherited 
from H'^(fl)). Concretely, the following result has been established in [86] . 



Lemma 4.5. Assume Huvothesis \4:.1[ Then the Dirichlet trace operator •fu considered in the context 

jD-{uE H'^in) I jNU == 0} ^ N^/^{dn) (4.40) 

is well-defined, linear, bounded, onto and with a linear, bounded right-inverse. In addition, the null space of 
7d in (|4.40p is precisely II^{Q), the closure ofCi^{Q) in H'^ljl). 



It is then possible to use the Neumann trace result from Lemma 14.51 in order to extend the action of 
the Neumann trace operator (|4.18p to dom(— A,„a£i;,a) = {u E L'^{n;d"-x) I Au E L^{n;d^x)Y As before, 
this space is equipped with the natural graph norm. Let (^N^^^{dfl)) denote the conjugate dual space of 
N^/'^{dn). The following resuh holds: 
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Theorem 4.6. Assume Hvvothesis H.ll Then there exists a unique linear, bounded operator 

7Ar: {ueL^{n;d"x)\AueL^{n;d"x)} -^ (N^^^idil))* (4.41) 

which is compatible with the Neumann trace introduced in (|4.18p . in the sense that, for each s > 3/2, one 
has 

^j^u = 7JVU for every u G H''{Q) with Au G L'^{fl; d'"-x). (4.42) 

Furthermore, this extension of the Neumann trace operator from (|4.18p allows for the following generalized 
integration by parts formula 

Af3/2(an)(7DW,7Aru)(Ar3/2(go))* = {w , Au) l2 f^^.^r. ^-^ - (Aw,u)L2(Q.rf„^), (4.43) 

valid for every u £ L^{^\ d"'x) with Au G LF'{^', d"'x) and every w € H^{fl) with jnw = 0. 

A proof of Theorem 14.61 can be found in |S6] . 

4.2. Perturbed Dirichlet and Neumann Laplacians. Here we shall discuss operators of the form —A+V 
equipped with Dirichlet and Neumann boundary conditions. Temporarily, we will employ the following 
assumptions: 

Hypothesis 4.7. Let n G N, n > 2, assume that D, C M" is an open, bounded, nonempty set, and suppose 
that 

V G L°°(r2;d"a;) and V is real-valued a.e. on ^. (4.44) 

We start by reviewing the perturbed Dirichlet and Neumann Laplacians Hd^^ and H^^n associated with an 
open set Vt in M" and a potential V satisfying Hypothesis 14. 71 Consider the sesquilinear forms in L^(ri; d"a;), 

QD,n{u,v) = {Vu,Vv) + {u,Vv), u,vedom{QD,n)=H^{^), (4.45) 

and 

Qw,o(u,w) = (Vu,Vw) + (u,yw), u,v€dom{QN,n)^H\n). (4.46) 

Then both forms in (|4.45p and (|4.46p are densely, defined, closed, and bounded from below in L^{il;d^x). 
Thus, by the first and second representation theorems for forms (cf., e.g., |1081 Sect. VI. 2]), one concludes 
that there exist unique self-adjoint operators Hon and -ffjv,n in L^{rt;d"x), both bounded from below, 
associated with the forms Qdsi and Qn.q, respectively, which satisfy 

QD,n{u,v) ^ {u,HD,nv), u e dom{QD,n), v e dom{HD,n), (4.47) 

dom{HD,a) C dom {\HD,n\'^^) = dom(Qi3,o) = H^i^) (4.48) 

and 

QN,n{u, v) = (u, HN,nv), u G dou\{QN,n), v G dom{HN,n), (4.49) 

dom{HN.n) C dom {\HN,n\^^^) = dom(QAr,o) = H\n). (4.50) 

In the case of the perturbed Dirichlet Laplacian, Hd^q, one actually can say a bit more: Indeed, Hjjq 
coincides with the Friedrichs extension of the operator 

H,,nu={-A + V)u, wGdom(i7,,o):=Co°°(rj) (4.51) 

mL^{n;d''x), 

{Hc,n)F=HD,n, (4.52) 

and one obtains as an immediate consequence of (|2.19p and (|4.45l) 

HD,nu = {-A + V)u, uedom{HD,n)^{veH^{n)\AveL'^{n;d''x)}. (4.53) 

We also refer to (TQl Sect. IV. 2, Theorem VII. 1.4]). In addition, Husi is known to have a compact resolvent 
and hence purely discrete spectrum bounded from below. 

In the case of the perturbed Neumann Laplacian, H^^^t, it is not possible to be more specific under this 
general hypothesis on 17 just being open. However, under the additional assumptions on the domain D, in 
Hypothesis 14.11 one can be more explicit about the domain of i?Af,n and also characterize its spectrum as 
follows. In addition, we also record an improvement of (|4.53l) under the additional Lipschitz hypothesis on 
fi: 
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Theorem 4.8. Assume Hvvotheses H.W and \4:.7\ Then the perturbed Dirichlet Laplacian, H^q, given by 
HD,nu={-A + V)u, 

u e dom{HD,n) ^ {v e H^{n) \ Av e L^{n;d"x), -/dv ^ in H^/^{dn)} (4.54) 

= {ve H^iil) I Av e L^{n;d''x)}, 
is self-adjoint and bounded from below in L^{fl;d"x). Moreover, 

dom{\HD,n\^/^)=H^,{n), (4.55) 

and the spectrum of Hjj^q, is purely discrete {i.e., it consists of eigenvalues of finite multiplicity), 

^css{HD,n) = 0. (4.56) 

//, in addition, V >0 a.e. in fl, then Hu.n is strictly positive in L^{fl;d"'x). 

The corresponding result for the perturbed Neumann Laplacian Hn^q reads as follows: 
Theorem 4.9. Assume Hvvotheses \A.l\ and H.Jl Then the perturbed Neumann Laplacian, iJjv,0; given by 
HN,nu={-A + V)u, (4.57) 

u e dom{HNA2) = {ve H\Q) \ Av e L^{n;d'^x), jnv = m H-^/^{dn)}, 
is self-adjoint and bounded from below in L^{fl;d"'x). Moreover, 

dom{\HN,n\'^^)=H\n), (4.58) 

and the spectrum of Hnji, is purely discrete {i.e., it consists of eigenvalues of finite multiplicity), 

aess{HN,n) = 0. (4.59) 

//, in addition, V >0 a.e. in fl, then Hnxi is nonnegative in L'^{fl;d"x). 
In the sequel, corresponding to the case where V = 0, we shall abbreviate 

-Ai3,o and -AAr,a, (4.60) 

for Ho,n and H^^q, respectively, and simply refer to these operators as, the Dirichlet and Neumann Lapla- 
cians. The above results have been proved in (81] App. A], [87] for considerably more general potentials than 
assumed in Hypothesis 14.71 

Next, we shall now consider the minimal and maximal perturbed Laplacians. Concretely, given an open set 
il C M" and a potential <V ^ L°°(51; d"x), we introduce the maximal perturbed Laplacian in L^{fl; d^x) 

Hmax,nu := (-A + V)u, 

(4.61) 
uedom{Hmax.n) -^ {v e L^{n;d''x)\Av e L^{n;d'^x)}. 

We pause for a moment to dwell on the notation used in connection with the symbol A: 

Remark 4.10. Throughout this manuscript the symbol A alone indicates that the Laplacian acts in the sense 
of distributions, 

A:V'{n)^V'{n). (4.62) 

In some cases, when it is necessary to interpret A as a bounded operator acting between Sobolev spaces, 
we write A € B{H''{i^),H''~^{i^)) for various ranges of s e M (which is of course compatible with (j4.62p V 
In addition, as a consequence of standard interior elliptic regularity (cf. Weyl's classical lemma) it is not 
difhcult to see that if fi C M is open, u e V{Q) and Au S Li^^{fl; d^ x) then actually u G Hf^^{fl). In 
particular, this comment applies to u G doTa{Hmax,n) in (|4.6ip . 

In the remainder of this subsection we shall collect a number of results, originally proved in [SB] when 
V = 0, but which are easily seen to hold in the more general setting considered here. 

Lemma 4.11. Assume Hypotheses 14.11 arid 14.71 Then the maximal perturbed Laplacian associated with fi 
and the potential V is a closed, densely defined operator for which 

Hl{n) C dom{{H^ax,n)*) C {u G L'{n;d''x) \ Au G L''{n-d''x), jdu = ^nu = O}. (4.63) 

For an open set Q. C M" and a potential < y G L°° {Vt; d^^ x) , we also bring in the minimal perturbed 
Laplacian in L^(ri;d"a;), that is, 

Hrmn,nu := {-A + V)u, u G doiii{Hrain,n) ■■= H^{^)- (4.64) 
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Corollary 4.12. Assume Hypotheses lA.W and 14.71 Then H,ain,n is a densely defined, symmetric operator 
which satisfies 

Hmin,n Q {Hmax,n)* 0,nd HjnaxSt ^ {Hmin.u)* ■ (4.65) 

Equality occurs in one {and hence, both) inclusions in (j4.65p if and only if 

H^in) equals {ue L'^in;d''x)\Aue L'^{fl;d'^x),^DU^jNU^O}. (4.66) 

5. Boundary Value Problems in Quasi-Convex Domains 

This section is divided into three parts. In Subsection 15.11 we introduce a distinguished category of the 
family of Lipschitz domains in W\ called quasi-convex domains, which is particularly well-suited for the kind 
of analysis we have in mind. In Subsection 15.21 and Subsection 15.31 we then proceed to review, respectively, 
trace operators and boundary problems, and Dirichlet-to-Neumann operators in quasi-convex domains. 

5.1. The Class of Quasi-Convex Domains. In the class of Lipschitz domains, the two spaces appearing 
in (|4.66p are not necessarily equal (although, obviously, the left-to-right inclusion always holds) . The question 
now arises: What extra properties of the Lipschitz domain will guarantee equality in (|4.66l) ? This issue has 
been addressed in ^Sj, where a class of domains (which is in the nature of best possible) has been identified. 
To describe this class, we need some preparations. Given n > 1, denote by MH^/^{W^) the class of 
pointwise multipliers of the Sobolev space iJ^/^(IR"). That is, 

MH^^^W) := {/ e LL(]R") I Mf G B{H^^\W'))}, (5.1) 

where Mf is the operator of pointwise multiplication by /. This space is equipped with the natural norm, 
that is, 

ll/llAf_ffi/2(R.>) := P-^/|le(Hi/2(R.>)). (5.2) 

For a comprehensive and systematic treatment of spaces of multipliers, the reader is referred to the 1985 
monograph of Maz'ya and Shaposhnikova jl32] . Following [132j . |133l . we now introduce a special class of 
domains, whose boundary regularity properties are expressed in terms of spaces of multipliers. 

1/2 

Definition 5.1. Given 6 > 0, call a bounded, Lipschitz domain il C M" to be of class MHg , and write 

dn e MHy^, (5.3) 

provided the following holds: There exists a finite open covering {Oj}i<j<n of the boundary dVl of fl such 
that for every j G {1, ..., N}, Oj n fi coincides with the portion of Oj lying in the over-graph of a Lipschitz 
function ipj : M"~^ — >■ M (considered in a new system of coordinates obtained from the original one via a 
rigid motion) which, additionally, has the property that 

V^, e (AfiJi/2(M«-i))" and ||¥',ll(Ami/2(E.-i)). < S. (5.4) 

Going further, we consider the classes of domains 

MHU^ := U MHy\ MhI'^ := fj AfiJ]/^ (5.5) 

(5>0 (5>0 

and also introduce the following definition: 

Definition 5.2. We call a bounded Lipschitz domain Vi C M" to be square-Dini, and write 

dn e SD, (5.6) 

provided the following holds: There exists a finite open covering {Oj}i<j<n of the boundary dfl of Q such 
that for every j G {1, •.., N}, Oj n fl coincides with the portion of Oj lying in the over-graph of a Lipschitz 
function ipj : M"^^ — )■ M (considered in a new system of coordinates obtained from the original one via a 
rigid motion) which, additionally, has the property that the following square-Dini condition holds, 

dt f ijj{Vipj; t)^ 



Here, given a [possibly vector-valued) function f in W^^^ , 

u{f-t):^snp{\f{x)-f{y)\\x,y^W'-\\x-y\<t}, iG(0,l), (5.8) 

is the modulus of continuity of f , at scale t. 
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From the work of Maz'ya and Shaposhnikova |132| |133| . it is known that if r > 1/2, then 

n e c^''' =^n(ESD=^ne mhI'^ ^^vie mhU"^. (5.9) 

As pointed out in [133] . domains of class MHoc can have certain types of vertices and edges when n > 3. 
Thus, the domains in this class can be nonsmooth. 

Next, we recall that a domain is said to satisfy a uniform exterior ball condition (UEBC) provided there 
exists a number r > with the property that 

for every x G c^fi, there exists y G M", such that i3(?/, r) n 51 = 

anda;G5B(y,r)n9f7. ^^'"^^^ 

Heuristically, (|5.10l) should be interpreted as a lower bound on the curvature of dO.. Next, we review the 
class of almost-convex domains introduced in |137j . 

Definition 5.3. A hounded Lipschitz domain il C M" is called an almost-convex domain provided there 
exists a family {fi^l^gN of open sets in M" with the following properties: 
(j) d^i G C^ and T^ C Q for every £ €N. 

{a) Hi /^ fl as £ ^ oo, in the sense that Cli C ^e+i for each ^ G N and IJ^^pj ^e — 51. 
{Hi) There exists a neighborhood U of dft and, for each £ G N, a C^ real-valued function pi defined in U 
with the property that pi < on U nil,£, pe > in U\il,i, and pi vanishes on dfli. In addition, it is 
assumed that there exists some constant Ci G (l,oo) such that 

Cr^ < |V/9f(a;)| <Ci, xedQi,iem. (5.11) 

(iv) There exists C2 > such that for every number ^ G N, every point x G d^i, and every vector ^ G M" 
which is tangent to dQe at x, there holds 

(Hess(p,)e,0>-C2|eP, (5.12) 

where {■ , • ) is the standard Euclidean inner product in M" and 

\UXjUXk J i<j^fc<„ 

is the Hessian of pi. 

A few remarks are in order: First, it is not difficult to see that ()5.1ip ensures that each domain fli is Lipschitz, 
with Lipschitz constant bounded uniformly in £. Second, (|5.12p simply says that, as quadratic forms on the 
tangent bundle Tdile to dfle, one has 

Hess(p,)>-C2/„, (5.14) 

where /„ is the n x n identity matrix. Hence, another equivalent formulation of (|5.12p is the following 
requirement: 

n r^2 ^ ^^ ft 

E a^J'^' - -^' ^ ^^ ^^'"'^''^ '' = and ^ ^0 = 0. (5.15) 

j,k=l ^ ' j = l 3 = 1 ^ 

We note that, since the second fundamental form Ilg on dVlg is Ilf, = Hessp^/|V/9^|, almost-convexity is, in 
view of (|5.1ip . equivalent to requiring that IIi be bounded from below, uniformly in £. 
We now discuss some important special classes of almost-convex domains. 

Definition 5.4. A bounded Lipschitz domain il C M" satisfies a local exterior ball condition, henceforth 
referred to as LEBC, if every boundary point x^ G 951 has an open neighborhood O which satisfies the 
following two conditions: 

(i) There exists a Lipschitz function ip : W^^^ — > M with <y9(0) = such that if D is the domain above 

the graph of ip, then D satisfies a UEBC. 
(ii) There exists a C^'^ diffeomorphism T mapping O onto the unit ball -6(0, 1) in M" such that T(a;o) — 0, 

T{o r^n) = b{o, i) n d, t{o\TI) = b{o, i)\d. 

It is clear from Definition 15.41 that the class of bounded domains satisfying a LEBC is invariant under C^-^ 
diffeomorphisms. This makes this class of domains amenable to working on manifolds. This is the point of 
view adopted in |137| . where the following result is also proved: 

Lemma 5.5. // the bounded Lipschitz domain 51 C M" satisfies a LEBC then it is almost- convex. 
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Hence, in the class of bounded Lipschitz domains in M", we have 

convex =^ UEBC ^==> LEBC =^ ahuost-convex. (5.16) 

We are now in a position to specify the class of domains in which most of our subsequent analysis will be 
carried out. 

Definition 5.6. Let n £N, n >2, and assume that fl C K" is a bounded Lipschitz domain. Then fi is called 
a quasi- convex domain if there exists (5 > sufficiently small {relative to n and the Lipschitz character of 
n), with the following property that for every x G dil there exists an open subset fix of VL such that dVLr\dQ.x 
is an open neighborhood of x in dVl, and for which one of the following two conditions holds: 
(i) fix is of class MHg ifn>3, and of class C^'^ for some 1/2 < r < 1 if n — 2. 
(ii) fix is an almost-convex domain. 

Given Definition 15.61 we thus introduce the following basic assumption: 

Hypothesis 5.7. Let n e N, n > 2, and assume that 17 C M" is a quasi-convex domain. 

Informally speaking, the above definition ensures that the boundary singularities are directed outwardly. 
A typical example of such a domain is shown in Fig. [T] below. 




Figure 1 . A quasi-convex domain. 

Being quasi-convex is a certain type of regularity condition of the boundary of a Lipschitz domain. The 
only way we are going to utilize this property is via the following elliptic regularity result proved in |86| . 

Proposition 5.8. Assume Hvvotheses \A.7\ and \b.7\ Then 

dom {HD,n) C H'^in), dom {HN^n) C H^{n). (5.17) 

In fact, all of our results in this survey hold in the class of Lipschitz domains for which the two inclusions in 
(I5T71) hold. 

The following theorem addresses the issue raised at the beginning of this subsection. Its proof is similar 
to the special case V = Q, treated in [5^ . 

Theorem 5.9. Assume Huvotheses lA.Tl and \5.7\ Then (14.661) holds. In particular, 

dom{HjninSl.) = -ffo(^) 

= {u e L^{n;d'^x)\Au £ L^{n;d''x),^DU ^^NU = 0}, (5.18) 

dom(iJ,„a^,o) = {ue 2.2(17; d"x) | Am e L^in^d^x)}, (5.19) 
and 

Hmin,n = iHmax,n)* and Hmax,n = {Hmin,n)* ■ (5.20) 

We conclude this subsection with the following result which is essentially contained in f86]. 

Proposition 5.10. Assume Huvotheses lA.W and 14.71 Then the Friedrichs extension of {—A -{-V)\c'^{n) in 
L^(fl; d"'x) is precisely the perturbed Dirichlet Laplacian Hjjq. Consequently, if Huvothesis \5.7\ is assumed in 
place of Huvothesis WTn. then the Friedrichs extension of Hmin,n in (|4.64l) is the perturbed Dirichlet Laplacian 
HD,n- 
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5.2. Trace Operators and Boundary Problems on Quasi-Convex Domains. Here we revisit the 
issue of traces, originally taken up in Section [51 and extend the scope of this theory. The goal is to extend 
our earlier results to a context that is well-suited for the treatment of the perturbed Krein Laplacian in 
quasi-convex domains, later on. All results in this subsection are direct generalizations of similar results 
proved in the case where F = in [86] . 

Theorem 5.11. Assume Hvpotheses \A.l\ and \b.l\ and suppose that z G C\a{H£i^Q). Then for any functions 
f G L^{n;d"x) and g G {N^''^{dil))* the following inhomogeneous Dirichlet boundary value problem 

'{-A + V - z)u = f in n, 

uGL2(f];d"a;), (5.21) 

jdu = g on dV,, 
has a unique solution u = ud . This solution satisfies 

WunWh^in-d^x) + \\lNUD\\{N^/2{Dn)Y < CD{\\f\\L^(n;d^x} + 11311(^1/2(00))*) (5.22) 

for some constant Co = Cd{^, V, z) > 0, and the following regularity results hold: 

g G H^{dn) implies ud G H^''^{Vl), (5.23) 

9 e 7_D(ij2(f7)) implies ud e -ff^(rj). (5.24) 

In particular, 

g^O implies ud G H'^{n) n i?o(^)- (5-25) 

Natural estimates are valid in each case. 

Moreover, the solution operator for (|5.2ip with / = [i.e., PD,n.v,z '■ 9 '^ u^) satisfies 

PD,ny,z = [jN{HD,n-^In)-T e B{{N^/\dn)r,L\n-d"x)), (5.26) 

and the solution of (|5.2ip is given by the formula 

UD = {HD,n - ziny'f - [lN{HD,n -zlnrYa- (5-27) 

Corollary 5.12. Assume Huvotheses \A.7\ and \b.7\ Then for every z G C\a{H£i^Q) the map 

713 : {u G L^{n; d'^x) \ (-A + V ~z)u^Q inQ] ^ {N^/'^^dVl))* (5.28) 

is an isomorphism [i.e., bijective and bicontinuous) . 



Theorem 5.13. Assume Huvotheses \A.l\ and \b.l\ and suppose that z G €,\a{HN.fi)- Then for any functions 
f G L'^{ft;d"x) and g G {N^''^{dil))* the following inhomogeneous Neumann boundary value problem 

'{-A + V -z)u = f m n, 

ueL'^n^d^-x), (5.29) 

^7Aru = g on dft, 
has a unique solution u = u^. This solution satisfies 

\\uN\\L^(n;d"x) + ll7£''"Ar||(jvi/2(an))* < CN{\\f\\L^{n;d"x) + hWiN'^/^idn)}-) (5.30) 
for some constant Cn — Cn{^,V, z) > 0, and the following regularity results hold: 

g G L^{dn;d''^^uj) implies un G H^''^{n), (5.31) 

g G7Ar(ij2(f7)) implies UN e H'^{n). (5.32) 

Natural estimates are valid in each case. 

Moreover, the solution operator for (|5.29p with / = (i.e., Pn,Q,v,z '■ 9 '"^ un) satisfies 

PN,n,v,z = [lD{HNsi-^InrT e B{{N^^\dn)y,L\n;d^x)), (5.33) 

and the solution of (|5.29p is given by the formula 

UN - {HN,n - zlny^f + [MHnm -^In)-^]*9- (5-34) 

Corollary 5.14. Assume Hvvotheses H.Tl and \5.7[ Then, for every z G C\a{HN.n), the map 

7Ar : {m G L^{n; d''x) \ (-A + V - z)u = in n} ^ {N^^^idn))* (5.35) 

is an isomorphism {i.e., bijective and bicontinuous). 
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5.3. Dirichlet-to-Neumann Operators on Quasi-Convex Domains. In this subsection we review spec- 
tral parameter dependent Dirichlet-to-Neumann maps, also known in the literature as Weyl-Titchmarsh and 
Poincare-Steklov operators. Assuming Hypotheses 14.71 and 15.71 introduce the Dirichlet-to-Neumann map 
MD,N,n.v{z) associated with —A + V — z on fl, a.s follows: 

where U]j is the unique solution of 

(-A + F - z)u = in rj, u£ L^{n; (T'x), %u = / on dn. (5.37) 

Retaining Hvpotheses l4.7l and l5.7[ we next introduce the Neumann-to-Dirichlet map Mpj£)fiY{z) associated 
with —A + V~zon.fl,a,s follows: 

M^.o,.,,,.):!'""^*""'*'-'"""'^"*'- .eCViH.s.). (5^38) 

[ 9 ^ IDUN, 

where wjv is the unique solution of 

(-A + F - z)m = in n, M e L^{Q.; (Tx), ^nu = g on dfl. (5.39) 

As in [86], where the case V = has been treated, we then have the following result: 
Theorem 5.15. Assume Hiivotheses \4:.7\ and \5.7\ Then, with the above notation, 

MD,N,n,v{z) e B{iN^^^dn))* , {N^'^^dfl))*), z e C\a(i?i5,o), (5.40) 



Similarly, 



and 



Moreoi 



and 



Mi5,jvAv(^)=7Jv[7Jv(ffi3,o-^/,2)-i]*, zeC\a{HD,n)- (5.41) 

MN,D,n,v{z) e B{{N^/\dn)r , {N^/\dn)r), z e CV(ffjv,o), (5.42) 

MN,D,n,v{z)^^D[-/D{HN,n-zInyT^ zeC\a{HN^n). (5.43) 

MN,D.n.v{z) = -MD^N.n.v{z)-\ z e C\{a{HD,n) U ^(ffjv.o)), (5.44) 



[MD,N,n,viz)]* = MDM^yiz), [MN,D^n^v{z)]* = MN,D,ny{'z). (5.45) 

As a consequence, one also has 

Mdmsxv{z) e B{N^/\dn) , N^/^{dn)), z e C\a{HDM), (5.46) 

MN,D.n.v{z) e B{N^'^{dn) , N^'^idVL)), z e C\a{HN,n)- (5.47) 

For closely related recent work on Weyl-Titchmarsh operators associated with nonsmooth domains we 
refer to [83] , [84] , [85] , [86] , and [87] . For an extensive list of references on ^-dependent Dirichlet-to-Neumann 
maps we also refer, for instance, to [7], [11], [15], [34], [47], [49], [50], [51], [52], [64], [65], [81]-[87], [96], [147], 
[Ha, [154], [155]. 

6. Regularized Neumann Traces and Perturbed Krein Laplacians 

This section is structured into two parts dealing, respectively, with the regularized Neumann trace operator 
f Subsection 16. ip . and the perturbed Krein Laplacian in quasi-convex domains (Subsection 16. 2p . 
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6.1. The Regularized Neumann Trace Operator on Quasi-Convex Domains. Following earlier work 
in [86j , we now consider a version of the Neumann trace operator which is suitably normalized to permit the 
familiar version of Green's formula (cf. (|6.8[) below) to work in the context in which the functions involved 
are only known to belong to dom(— Amax.n)- The following theorem is a slight extension of a similar result 
proved in [&6, when V = 0. 

Theorem 6.1. Assume Hvpotheses \A.l\ anrf lS.Tl Then, for every z G C\cr(iJD_o), the map 

TN,v,z ■■ {u e L2(f7;d"x); Au G L^in^dTx)] -^ N^/^{dn) (6.1) 

given by 

TN,v,zU -.^^NU + MD,N,ny{z){^Du), u e L'^ {n; d" x) , /\u e L^ [n^ (T x) , (6.2) 

is well-defined, linear and hounded, where the space 

{ueL^{Vt;d'^x)\l:^ueL^{n;d'^x)) (6.3) 

is endowed with the natural graph norm, u f-> ||w||i2(Q.^„j,-) + ||AM||i2(Q.^„j,'). Moreover, this operator satisfies 
the following additional properties: 

{i) The map tn,v,z in (|6.ip . ()6.2p is onto {i.e., TN,v,z{'ioin{Hmax,n)) — N^'^{dfl)), for each z G 
C\a{HDS-i)- In fact, 

TN,v,z{H^{^) n -ffo(rj)) = N^/^{dn) for each z e C\a{HD,n). (6.4) 

(ii) One has 

TN.v,z = jN{HD,n - zIny\-A - z), ze C\<7{HD,n). (6.5) 

(iii) For each z G C\a{H]j^Q), the kernel of the map r^y^z in (|6.1I) . (J6.2I) is 

ker(rjv,v,3) = Hl{Vl)+{u G L^{Q.; d"x) | (-A + V -z)u = Q in Q.}. (6.6) 

In particular, if z £ C\a{HD.n), then 

tn.v,zU = for every u G keT{H,nax,n - zin). (6.7) 

(iv) The following Green formula holds for every u,w G dom{Hrnax,n) cind every complex number z G 
C\a{HDsd- 

((-A + V - z)u, u)L2(n;d"i:) - (" , (-A + V - z)v)L2(n.^d"x) 



— -N^/^{dn){TN,v,zU,jDv)(m/2idny)* + Afi/2(an){'''iv,y,2^'>7D'")(Ari/2(an))*- (6-8) 

6.2. The Perturbed Krein Laplacian in Quasi-Convex Domains. We now discuss the Krein-von Neu- 
mann extension of the Laplacian —A\^^.^, perturbed by a nonnegative, bounded potential V in L^(r2; d^x). 

We will conveniently call this operator the perturbed Krein Laplacian and introduce the following basic as- 
sumption: 

Hypothesis 6.2. (i) Let n €z N, n > 2, and assume that 7^ il C M" is a bounded Lipschitz domain 
satisfying Hupothesis \5.7\ 
(ii) Assume that 

V G i°°(fi;d"a;) and V > a.e. m n. (6.9) 

Denoting by T the closure of a linear operator T in a Hilbert space "H, we have the following result: 

Lemma 6.3. Assume IIuvothesis \6.2\ Then H,nin,n is a densely defined, closed, nonnegative {in particular, 
symmetric) operator in L^{VL;d'^x). Moreover, 



(-A -f l^)|c.oo(f,) = i?„™,n. (6.10) 

Proof. The first claim in the statement is a direct consequence of Theorem 15.91 As for (j6.10p . let us tem- 
porarily denote by iJo the closure of —A -I- V defined on C^{il). Then 

,,, , ., , , ., I there exist w G L2(fi;(i"a;) and -u, G C|?°(ri), 7 G N, such that ,„,,^ 

7. G dom(i/o) if and only if <^ \\ ■ r2tnJ\ ■ (^-H) 

\uj — > M and (—A + V)Uj -^ v m L [il;a x) as j — ?> 00. 

Thus, if u G doni(_ffo) and v, {ujjjgN are as in the right-hand side of (|6.1ip . then (—A + V)u = u in the 
sense of distributions in i7, and 

— jDUj — s- 7du in (A^^"(951)) as j — s- 00, 
— -yNUj — !> Jnu in {N^'^ldfl))* as j -^ 00, 
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by Theorem 14.41 and Theorem 14.61 Consequently, u e Aova{Hmax,ii) satisfies ^du = and 7Aru = 0. 
Hence, u S i/Q(il) = doin{Hmin,n) by Theorem 15.91 and the current assumptions on fl. This shows that 
Ho C Hyriin,n- The converse inclusion readily follows from the fact that any u £ Hq{^) is the limit in H'^{Vi) 
of a sequence of test functions in J7. D 

Lemma 6.4. Assume Hypothesis K.2[ Then the Krein~von Neumann extension H^ ^ of (—A + V^)L^oc/o\ 
in L^(ri; d^x) is the L^ -realization of —A + V with domain 

dom{HK,n) = <iom{Hrmn,n)+'^er{Hmax.,n) 

„ . , „ , , (6.13) 

= H^{n) + {u£ L^{n;d"x)\{~A + V)u^O inn}. 

Proof By virtue of (PIUI) . ([OH)) , and the fact that (-A + V)\cg-(n) and its closure, H^i^.n (cf. (pTTU)) ) 
have the same self-adjoint extensions, one obtains 

doin{HK,n) = doin{H,nin.n) + 'k.ci{{H,nin,n)*) 

= doin{H,nin.n) + kcr(iJ,„aa;,n) 

= H^iQ) + {ue L^ifl; d''x) I (-A + V)u^O in f7}, (6.14) 

as desired. D 

Nonetheless, we shall adopt a different point of view which better elucidates the nature of the boundary 
condition associated with this perturbed Krein Laplacian. More specifically, following the same pattern as 
in [86], the following result can be proved. 

Theorem 6.5. Assume Hypothesis \6.2\ and fix z G C\(T{HD,n)- Then HK,n,z in L^ {n.; d'^ x) , given by 

Hk.q,zU:=(-A + V~z)u, 

u e doia{HK,n,z) := {v G doia{Hmax,n) \ tn,v,zV = 0}, 
satisfies 

{HK,n,zy ^ HK,n,z, (6.16) 

and agrees with the self-adjoint perturbed Krein Laplacian Hk.q = Hk^h.o when taking z — 0. In particular, 
if z G 'R\a{Ho,n) then Hx^n.z is self-adjoint. Moreover, if z <0, then Hk.ci.z is nonnegative. Hence, the 
perturbed Krein Laplacian Hk,q, is a self-adjoint operator in L^(fl;d"'x) which admits the description given 
in ()6.15p when z — 0, and which satisfies 

HK,n > and ifmi„,o C iJ^-.o ^ Hmax,n- (6-17) 
Furthermore, 

ker{HK,n) = {u G L^iQ; d".x) | (--A + V)u = O}, (6.18) 

dim(kcr(HK,n)) = dei{Hra,„,n) = dei ({^A + VJ\^Z^^) = oo, (6.19) 

nin{HK,n) = (-A + V)H^in), (6.20) 

Hpcsi has a purely discrete spectrum in (0, oo), crcss(-ffK,o) = {0}, (6-21) 

and for any nonnegative self-adjoint extension S of (—A + V)\c=°{n) one has (cf. ()2.5p ). 

HK,n <S< HD,n- (6.22) 

The nonlocal boundary condition 

TNyflV = 7^^^ + MD,N.n,v{0)v = 0, v e dom{HK^n) (6.23) 

(cf. (|6.15p ) in connection with the Krein-von Neumann extension Hf^n, in the special one-dimensional 
half- line case ft — [a, oo) has first been established in |169j . In terms of abstract boundary conditions 
in connection with the theory of boundary value spaces, such a condition has been derived in [6 6) and 
[67) . However, we emphasize that this abstract boundary value space approach, while applicable to ordinary 
differential operators, is not applicable to partial differential operators even in the case of smooth boundaries 
dQ (see, e.g., the discussion in [34]). In particular, it does not apply to the nonsmooth domains il studied 
in this survey. In fact, only very recently, appropriate modifications of the theory of boundary value spaces 
have successfully been applied to partial differential operators in smooth domains in [M], [55], [50], [5T] . 
[147j . |148| . |153j . [154) . and [155] . With the exception of the following short discussions: Subsection 4.1 in 
[34] (which treat the special case where $7 equals the unit ball in M^), Remark 3.8 in [49], Section 2 in |153) . 
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Subsection 2.4 in fl54), and Remark 5.12 in fl55j, these investigations did not enter a detailed discussion of 
the Krein-von Neumann extension. In particular, none of these references applies to the case of nonsmooth 
domains fl. 

7. Connections with the Problem of the Buckling of a Clamped Plate 

In this section we proceed to study a fourth-order problem, which is a perturbation of the classical 
problem for the buckling of a clamped plate, and which turns out to be essentially spectrally equivalent to 
the perturbed Krein Laplacian Hk.vi '■— HK,n,a- 

For now, let us assume Hvpotheses 14.11 and 14.71 Given A e C, consider the eigenvalue problem for the 
generalized buckling of a clamped plate in the domain ft C M" 

'u e dom{-A,nax,n), 
(- A + Vfu = A (- A + V)u in ft, 

,7Aru = in (N^^^dn))*, 

where (—A + V)'^u := (—A + V){—Au + Vu) in the sense of distributions in il. Due to the trace theory 
developed in Sections |4] and [5l this formulation is meaningful. In addition, if Hypothesis 15.71 is assumed in 
place of Hypothesis 14.11 then, by (|4.66|) , this problem can be equivalently rephrased as 

\ueHiin), 

\{-A + V)^u = X{-A + V)u in n. ^'' 

Lemma 7.1. Assume Hvvothesis \6.2\ and suppose that u =/= solves (j7.ip for some A G C. Then necessarily 
Ae (0,oo). 

Proof. Let u, A be as in the statement of the lemma. Then, as already pointed out above, u G i?Q (J7). Based 
on this, the fact that Am G dom(— Ama2;,o), and the integration by parts formulas (|4.2ip and (|4.35p . we may 
then write (we recall that our L^ pairing is conjugate linear in the first argument): 

A[l|Vu||^i.(^.rf„,))„ + ||T^'/'M||(L2(0;d"x))"] = A {u, (-A + V)u)L2in-d-x) 
= (u , A (-A + V)u)L2in;d^x) - {u, (-A + Vfu)^,^^,^^^^ 

= {u, (-A + V){-Au + Vu))L2in-d-x) = ((-A + V)u, (-A + V)u)L2(^n-d'^,^ 

= ||(-A + y)u||i.(^;,„,). (7.3) 

Since, according to Theorem l5.11[ L^{i^', d"'x) 3 u ^ and 'Jdu = prevent u from being a constant function, 
([7131) entails 

Wi-^ + VMUn-^d^x, (74) 

as desired. D 

Next, we recall the operator PD,n.v,z introduced just above (|5.26p and agree to simplify notation by 
abbreviating PD,ny := PD,n.Vfl- That is, 

PD,n,v = [lN{HD,nr^] * e B{{N'/\dn))\L^{n- d^x)) (7.5) 

is such that if u := PD,n.v9 for some g G (A^^/^(9i7)) , then 

■ (-A + V)u = in n, 

TtGL2(f7;d"a;), (7.6) 

,7du = g on dfl. 



Hence, 



{-A + V)Pn.ny = 0, ^^^^^ 

iNPo.ny — -~Md^nsi,v{0) and jDPD,n,v = I(N'^/2(dvi})'-y 



with /(jvi/2(9o))* the identity operator, on (iV^/^(9ri)) 
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Theorem 7.2. Assume Hypothesis 16.21 // ^ u G L'^{n;d"'x) is an eigenfunction of the perturbed Krein 
Laplacian Hx^n corresponding to the eigenvalue 7^ A G C (hence A > 0), then 

u:^v - PoMyilDv) (7.8) 

is a nontrivial solution of (|7.ip . Conversely, i/ ^ m G L^{fl;d"x) solves (j7.ip for some A G C then X is a 
(strictly) positive eigenvalue of the perturbed Krein Laplacian Hn.n, and 

v:^ X-'^(-A + V)u (7.9) 

is a nonzero eigenfunction of the perturbed Krein Laplacian, corresponding to this eigenvalue. 

Proof. In one direction, assume that ^ v E L^(n; d"x) is an eigenfunction of the perturbed Krein Laplacian 
HK,n corresponding to the eigenvalue 7^ A G C (since Hk.u > -cf. Theorem 16.51 - it follows that A > 0). 
Thus, V satisfies 

V edom(H^ax,n), (-A + V)v = Xv, TNy,ov ^ 0. (7.10) 

In particular, ^jjv G (^N^^'^(dQ)) by Theorem 14.41 Hence, by (|7.5p . u in (17.81) is a well-defined function 
which belongs to L-^(Q;d^x). In fact, since also (—A -|- V)u = (—A + V)v G L^ (fl; d"^ x) , it follows that 
u G dom.(Hmax,n)- Going further, we note that 

(-A + Vfu = (-A + V)(-A + V)u = (-A + V)(-A + V)v 

= X (-A + V)v = X (-A + V)u. ^ ■ ^' 

Hence, (-A + Vfu = X (-A + V)u in fl. In addition, by (fTTT]) . 

7DU = jDV - lD(PD,ny{lDv) = 7£)W - IDV = 0, (7.12) 

whereas 

7JVM = INV - ^N(PD,Q.y(CfDv) = 7ArW -|- MD,N,n,v(^)(jDv) = TN,VfiV = 0, (7.13) 

by the last condition in (I7.10p . Next, to see that u cannot vanish identically, we note that u = would imply 
V — PD,o,y(7_Df) which further entails Xv = (—A -|- V)v = (—A + V)PD,n,v(7Dv) — 0, that is, v = (since 
A 7^ 0). This contradicts the original assumption on v and shows that u is a nontrivial solution of (|7.ip . 
This completes the proof of the first half of the theorem. 

Turning to the second half, suppose that A G C and 7^ m G L^(rt; d"x) is a solution of (|7.ip . Lemma FTTl 
then yields A > 0, so that v := A^^(— A + V)u is a well-defined function satisfying 

V G dom(Hmaxsd and (-A + V)v = X'^ (-A + Vfu = (-A + V)u = Xv. (7.14) 

If we now set w :^ v — u E L^(Vl\ d"x) it follows that 

(-A + V)w = (-A + V)v - (-A + V)u = Xv ~ Xv ^ 0, (7.15) 

and 

7JVW = INV, ^dw = 7£)W. (7.16) 

In particular, by the uniqueness in the Dirichlet problem (17.61) . 

w = PD.n,v(^Dv). (7.17) 

Consequently, 

JNV = ^NW = jN(PD.ny(^Dv) = -MD,N,n,v(0)(^Dv), (7.18) 

which shows that 

TNy.ov = INV + MD,N.ny(0)(lDv) = 0. (7.19) 

Hence v G dom(iJx.si)- We note that v = would entail that the function u G -ffo(i^) is a null solution 
of —A + V, hence identically zero which, by assumption, is not the case. Therefore, v does not vanish 
identically. Altogether, the above reasoning shows that u is a nonzero eigenfunction of the perturbed Krein 
Laplacian, corresponding to the positive eigenvalue A > 0, completing the proof. D 

Proposition 7.3. (i) Assume Huvothesis \6.2\ and let ^ v be any eigenfunction of HK,n corresponding to 
the eigenvalue 7^ A G (j(HK.n)- In addition suppose that the operator of multiplication by V satisfies 

My G B(H^(n), H%n)) for some 1/2 < s < 2. (7.20) 

Then u defined in (17. 8p satisfies 

u G H^^^(n), implying v G H'^''^(Vt). (7.21) 
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(ii) Assume the smooth case, that is, dfl is C°° and V G C°°{Q), and let ^ v be any eigenfunction of 
Hk,q corresponding to the eigenvalue 7^ A G cr^Hn.n)- Then u defined in (|7.8p satisfies 

ueC^^m, implying V eC^m. (7.22) 

Proof (i) We note that u e L'^{n;d'^x) satisfies 7d(w) = 0, ^n{u) = 0, and (-A + V)u = (-A + V)v = 
\v £ V^ {yi\ d"' x) . Hence, by Theorems 15.91 and 15.111 we obtain that u G iJg(ri). Next, observe that 
(-A + Vfu = \^v G L'^ip.; d"x) which therefore entails A^u G H''-'^{n) by ((7:^ . With this at hand, the 
regularity results in [146] (cf. also [5] for related results) yield that u G H^/^{Q). 

(ii) Given the eigenfunction y^ u of HK,n, (|7.8p yields that u satisfies the generalized buckling problem 
(fTT]) . so that by elliptic regularity u G C^{Ti). By (fTJ]) and (fTJO]) one thus obtains 

Xv = (-A + V)v = (-A + V)u, with u G C°°(n), (7.23) 

proving (fr22t . D 

In passing, we note that the multiplier condition (|7.20l) is satisfied, for instance, if V is Lipschitz. 

We next wish to prove that the perturbed Krein Laplacian has only point spectrum (which, as the 
previous theorem shows, is directly related to the eigenvalues of the generalized buckling of the clamped 
plate problem). This requires some preparations, and we proceed by first establishing the following. 



Lemma 7.4. Assume Hypothesis 16.21 Then there exists a discrete subset An of {0, 00) without any finite 
accumulation points which has the following significance: For every z G C\Af2 and every f G H~'^{rt), the 
problem 

\{-A + V){-A + V -z)u = f in n, 
has a unique solution. In addition, there exists C = C(fi, z) > such that the solution satisfies 

\\u\\H-in) < CWfU-^n)- (7.25) 

Finally, if z d An, then there exists u ^ satisfying (J7.2I) . In fact, the space of solutions for the problem 
()7.2|) is, in this case, finite- dimensional and nontrivial. 

Proof. In a first stage, fix z G C with Re(z;) < —A/, where M — M{n, F) > is a large constant to be 
specified later, and consider the bounded sesquilinear form 

av,,(-,-):i^o(^)x^o(^)^C, 

avAu, v) ■■= ((-A + V)u, (-A + V)v)L2in;d^^) + {v'^^u, V'/\) ^,^^,^^^^^ (7.26) 

- z{Vu,Vv)(L2(n■d^x)y^, u,w G -ffo(rj). 

Then, since / G II~'^{^) = [lll{Vl))* , the well-posedness of (|7.24l) will follow with the help of the Lax- 
Milgram lemma as soon as we show that (17.26^ is coercive. To this end, observe that via repeated integrations 
by parts 

du 



X 

n 



+ / d"a;|F^/2y|^2Re( f d''xAu' 
Jn \Jn 



dxj 



Vu], u(=,C^{n). 



(7.27) 



We note that the last term is of the order 

0{\\V\\L'>o(n-d"x)\\Au\\L^(^n-d"x)\\u\\L^{n-d"x)) (7.28) 

and hence, can be dominated by 

C||y|U~(a;d".)[£hl|ff.(o) + (4£)-^||u||i.(0;,„,)], (7.29) 

for every e > 0. Thus, based on this and Poincare's inequality, we eventually obtain, by taking e > 
sufficiently small, and M (introduced in the beginning of the proof) sufficiently large, that 

Re(ay,,(u,w))>Ch||?,.(,,), u(.C^{^). (7.30) 

Hence, 

Re(ay,,(w,w))>C||u||l,.(o), u&Hl{n), (7.31) 
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by the density of C^(r2) in 7fg(r2). Thus, the form (|7.27p is coercive and hence, the problem (|7.24p is 
weh-posed whenever z €<C has Re(z) < —M. 

We now wish to extend this type of conclusion to a larger set of 2;'s. With this in mind, set 

Ay,^ :=(-A + F)(-A + F-z/o) eB(iIo^(f7),iJ~2(f7)), z G C. (7.32) 

The well-posedness of (|7.24p is equivalent to the fact that the above operator is invertible. In this vein, we 
note that if we fix zq £ C with Re(zo) ^ — M, then, from what we have shown so far, 

Ay^^^€B{H-\n),Hl{n)) (7.33) 

is a well-defined operator. For an arbitrary z G C we then write 

Av,z = Av,,,[lHl(n) + BvA. (7.34) 

where Ih^iq) is the identity operator on Hq{Q) and we have set 

Bv,z ■■= A^JAv^,^ - Av,.„) - (zo - z)Ay^J-^ + V) e B^{H^{n)). (7.35) 

Since C 9 z i—> By.z £ ^(B^i^)) is an analytic, compact operator-valued mapping, which vanishes for 
z = zq, the Analytic Fredholm Theorem yields the existence of an exceptional, discrete set Af^ C C, without 
any finite accumulation points such that 

{lHi(n)+Bv,.r'<^B{H^{n)), zeC\An. (7.36) 

As a consequence of this, (j7.33p . and (|7.34p . we therefore have 

Ay^eB{H-^n),H^{n)), zeC\Aa. (7.37) 

We now proceed to show that, in fact, Ao C (0, oo). To justify this inclusion, we observe that 

Ay^z in (|7.32p is a Fredholm operator, with Fredholm index zero, for every z e C, (7.38) 

due to (|7.33p . (|7.34p . and (|7.35p . Thus, if for some z G C the operator Ay^z fails to be invertible, then there 
exists 7^ M e i^(^; d^x) such that Ay^zU = 0. In view of (j7.32p and Lemma [7?T1 the latter condition forces 
z G (0, oo). Thus, An consists of positive numbers. At this stage, it remains to justify the very last claim in 
the statement of the lemma. This, however, readily follows from (|7.38p . completing the proof. D 

Theorem 7.5. Assume Hypothesis 16.21 and recall the exceptional set Ao C (0,oo) from Lemma \7A\ which 
is discrete with only accumulation point at infinity. Then 

(T{HK,n) = Ao U {0}. (7.39) 

Furthermore, for every 7^ z G C\Ao, the action of the resolvent [HK.n — z/o)^^ on an arbitrary element 
f G L^{ft;d"x) can he described as follows: Let v solve 

(v G H^{n), 

\{-A + V){-A + V-z)v^ (-A + V)f G H-^n), 

and consider 

w := z-i[(-A + V-z)v- f] G L'^in; d"x). (7.41) 

Then 

{HK,n-zIn)-^f = v + w. (7.42) 

Finally, every z G Ao U {0} is actually an eigenvalue (of finite multiplicity, if nonzero) for the perturbed 
Krein Laplacian, and the essential spectrum of this operator is given by 

aessiHii^n) = {0}- (7.43) 

Proof. Let 7^ z G C\Ao, fix / G L^{^; d^x), and assume that u, w are as in the statement of the theorem. 
That V (hence also w) is well-defined follows from Lemma [7.41 Set 

u:=v + w eH^{n) + {ri G L^{n; d^x) \ (-A + V)ij = in Vl) 

= ker {TN.vfl) ^ dom{Hjnax,n), (7.44) 

by (|6.6p . Thus, u G doiTi{H max, n) and T^y.ou = which force u G doTn{HK.n)- Furthermore, 

ll"llL2(0;d"x) + l|Ati||L2(0;d"2;) < C'll/llL2(0;d"i:), (7.45) 

for some C ~ C{il, V, z) > 0, and 

(-A + V - z)u = (-A + V ~ z)v+ (-A + V - z)w 



(7-40) 
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= (-A + V -z)v + z-\-A + V - z)[{-A + V -z)v~ f] 

= (-A + V -z)v + z-\-A + V)[{-A + V -z)v- f]- [(-A + V ~z)v- f] 

= f + z-\{-A + V){-A + V-z)v~ (-A + V)f] - /, (7.46) 

by ()7.40p . (|7.41|) . As a consequence of this analysis, we may conclude that the operator 

Hk^u - zin ■■ dom{HK,n) C L^Vt; d'^x) -^ L^Ct; d'^x) (7.47) 

is onto (with norm control), for every z G C\(An U {0}). When z £ C\(Ao U {0}) the last part in Lemma 



Utogether with Theorem 1 7. 2 1 also yield that the operator ()7.47p is injective. Together, these considerations 
prove that 

aiHK,n) ^ An U {0}. (7.48) 

Since the converse inclusion also follows from the last part in Lemma [73] together with Theorem 1 7. 2 [ equality 
(j7.39|) follows. Formula (|7.42p . along with the final conclusion in the statement of the theorem, is also implicit 
in the above analysis plus the fact that kei{HK.n) is infinite-dimensional (cf. (|2.46p and [136] ). D 

8. Eigenvalue Estimates for the Perturbed Krein Laplacian 

The aim of this section is to study in greater detail the nature of the spectrum of the operator Hx,n- 
We split the discussion into two separate cases, dealing with the situation when the potential V is as in 
Hypothesis 14.71 (Subsection 18. ip , and when V = (Subsection [ 



8.1. The Perturbed Case. Given a domain il as in Hvpothesis 15.71 and a potential V as in Hypothesis 
4.71 we recall the exceptional set Ao C (0, oo) associated with ft as in Section [71 consisting of numbers 



< ^K,ns < ^K,n,2 < • • • < ^Ksij < ^K,nj+i < • • • (8.1) 

converging to infinity. Above, we have displayed the A's according to their (geometric) multiplicity which 
equals the dimension of the kernel of the (Fredholm) operator (|7.32p . 

Lemma 8.1. Assume Hvpothesis 16.21 Then there exists a family of functions {uj}j^iq with the following 
properties: 

Uj eH^{n) and {-A + Vfuj =\K,n,j{-A + V)uj, j £ N, (8.2) 

((-A + V)uj, (-A + V)uk)LHn;d^.) = S,^k, 3, fc G N, (8.3) 

OO 

u = Y,{{^A + V)u,{-A + V)u,)L2(n;d-x)Uj, u e H^{n), (8.4) 

with convergence in H^{fl). 

Proof. Consider the vector space and inner product 

Hv-=H^{^), [u, v]nv := / d'^x (-A + V)u (-A + V)v, u,v&'Hv (8.5) 

Jn 

We claim that {Hv, [■ , •]wv') i^ a Hilbert space. This readily follows as soon as we show that 

\\u\\H-in)<C\\{-A + V)u\\L^n-4-.). ^eH^in), (8.6) 

for some finite constant C = C{fl, V) > 0. To justify this, observe that for every u G C§°{i^) we have 






du 



dxj 



2 



where we have used Poincare's inequality in the first two steps. Based on this, the fact that V is bounded, 
and the density of C(^{fl) in ii/g (^) '^'^ therefore have 

MHHn) < C{\\i-A + V)u\\L2(^n:d'^,) + Wuh^n-.d-.)), u G Hl{n), (8.8) 

for some finite constant C = C{n, V) > 0. Hence, the operator 

-A + VeB{H^{n),L^{n;d''x)) (8.9) 
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is bounded from below modulo compact operators, since the embedding -ffo(51) ^^ L^{n;d"x) is compact. 
Hence, it follows that (|8.9p has closed range. Since this operator is also one-to-one (as ^ (^{Hd^q)), estimate 
(|8.6p follows from the Open Mapping Theorem. This shows that 

T-Lv — Hq{VL) as Banach spaces, with equivalence of norms. (8.10) 

Next, we recall from the proof of Lemma [7^ that the operator (|7.32p is invertible for A G C\Af7 (cf. (I7.37P ), 
and that Aq C (0, cxd). Taking A = this shows that 

(-A + V)-^ := ((-A + Vf)-^ e B{H-\n), H^{n)) (8.11) 

is well-defined. Furthermore, this operator is self-adjoint (viewed as a linear, bounded operator mapping a 
Banach space into its dual, cf. (|2.1I) '). Consider now 

B:=-{-A + V)-^{-A + V). (8.12) 

Since B admits the factorization 

B : H^{n) Z^IX^ 2.2(^7- d'^x) A H-^{n) > ^0 (^), (8.13) 

where the middle arrow is a compact inclusion, it follows that 

B e BCHv) is compact and injective. (8.14) 

In addition, for every u,v £ C^(J7) we have via repeated integrations by parts 

[Bu, v]n. = -((-A + V){-A + V)-'{~A + V)u, (-A + F)^;)^,(^^,„^^ 
= -((-A + VrH-^ + V)u, (-A + F)2.)^,(,,^,„^^ 
= -((-A + V)u, (-A + V)-H-A + F)\),.(^^,„^^ 
= -((-A + V)u, v)L2(n;d^x) 
= ~{Vu, Vz;)(^.(n;,..)). - {V'^'u, V'^\)^,^^.^^,^^y (8.15) 



Consequently, by symmetry, [Bu,v]'Hy — [Bv^ulfiv, u,v £ C^(J7) and hence. 



[Bu,w]-Hi, = [Bv,u]hv u,v e Hv, (8.16) 
since C^{^) ^ Hv densely. Thus, 

B e Boo{Hv) is self-adjoint and injective. (8.17) 
To continue, we recall the operator Av,\ from (|7.32l) and observe that 

[-A + V)-^Av,.=Ih^-zB, zeC, (8.18) 

as operators in S(-ffQ(J7)). Thus, the spectrum of B consists (including multiplicities) precisely of the 

reciprocals of those numbers z £ C for which the operator Ay^z G B[HQ{il), H~^{il)) fails to be invertible. 
In other words, the spectrum of _B G B{T-Lv) is given by 

<j{B) = {{,\K,n,j)-^}j&i- (8.19) 

Now, from the spectral theory of compact, self-adjoint (injective) operators on Hilbert spaces (cf., e.g., |134[ 
Theorem 2.36]), it follows that there exists a family of functions {ujjjgN for which 

Uj G Uv and Buj = {XK,njy^Uj, j G N, (8.20) 

[uj,uk]nv = Sj,k, j, fc G N, (8.21) 

OO 

with convergence in Tiv- Unraveling notation, (|8.2p - (|8.4p then readily follow from (|8.20p - (|8.22p . D 



Remark 8.2. We note that Lemma 18.1 1 gives the orthogonality of the eigenfunctions Uj in terms of the inner 
product for Tiv (cf. (j8.3p and (j8.5p . or see (I8.2ip immediately above). Here we remark that the given inner 
product for T-Ly does not correspond to the inner product that has traditionally been used in treating the 
buckling problem for a clamped plate, even after specializing to the case V^ = 0. The traditional inner 
product in that case is the Dirichlet inner product, defined by 

£>(«,«)=/ d" a; (Vm,Vw)c", u,v e H^{n), (8.23) 
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where (•, ■)cn denotes the usual inner product for elements of C", conjugate linear in its first entry, linear 
in its second. When the potential 1^ ^ is included, the appropriate generalization of D{u^ v) is the inner 
product 

Dv{u,v) = D{u,v)+ I d"xVuv, u,v e H^{n) (8.24) 

Jn 

(we recall that throughout this survey V is assumed nonnegative, and hence that this inner product gives rise 

to a well-defined norm). Here we observe that orthogonality of the eigenfunctions of the buckling problem 

in the sense of Hv is entirely equivalent to their orthogonality in the sense of Dv{-, ■)• Indeed, starting from 

the orthogonality in (|8.21l) . integrating by parts, and using the eigenvalue equation (|8.2I) . one has, for j ^ k, 



0=[u,,Uk]Hv^ / d''xi-A + V)uji-A + V)uk^ / d''xu-{-A + vyuk 
Jn Jn 



= \k d^xUj{-A + V)uk^\k D{uj,Uk)+ / d^-xVujUk 
Jn L Jn 

^\kDv{uj,Uk), u,veHl{n), (8.25) 

where A^ is shorthand for \K,n.k of (|8.ip . the eigenvalue corresponding to the eigenfunction Uk (cf. (18.21) . 
which exhibits the eigenvalue equation for the eigenpair (uj,Aj)). Since all the Aj's considered here are 
positive (see (|8.ip ). this shows that the family of eigenfunctions {uj}jgN, orthogonal with respect to [•, ■\-Hvi 
is also orthogonal with respect to the "generalized Dirichlet inner product", -D\/(-, •)• Clearly, this argument 
can also be reversed (since all eigenvalues are positive) , and one sees that a family of eigenfunctions of the 
generalized buckling problem orthogonal in the sense of the Dirichlet inner product -Dv(', ■) is also orthogonal 
with respect to the inner product for 'Hy, that is, with respect to [•, ■]hv O^i the other hand, it should be 
mentioned that the normalization of each of the Ufc's changes if one passes from one of these inner products 
to the other, due to the factor of A^ encountered above (specifically, one has [uk,Uk]-Hv — -^fc Dv{uk,Uk) for 
each k). 

Next, we recall the following result (which provides a slight variation of the case V = treated in [86]). 

Lemma 8.3. Assume Hypothesis \6. 21 Then the subspace (—A + V)HQ{n) is closed in L^{fl;d"'x) and 

L\Q; d"x) = ker(i/y,„,ax,o) © [(-A + V) H^iQ)] , (8.26) 

as an orthogonal direct sum. 

Our next theorem shows that there exists a countable family of orthonormal eigenfunctions for the per- 
turbed Krein Laplacian which span the orthogonal complement of the kernel of this operator: 

Theorem 8.4. Assume Huvothesis \6.2[ Then there exists a family of functions {wj}jizfi with the following 
properties: 

Wj e dom{HK,n) n H^^'^{n) and HK,nWj = XK,n.jWj, XK,n,j > 0, j G N, (8.27) 

{wj,Wk)mn;d"x) = Sj,k, j,k e N, (8.28) 

L (fl'jd^x) — ker{HK.n) ® lin. spanjuijjjgN {orthogonal direct sum). (8.29) 

Proof. That Wj G H^^^{Q), j £ N, follows from Proposition I7.3l (z). The rest is a direct consequence of 
Lemma [5751 the fact that 



ker(i/y^„,ax,o) ^{ue L\n- d"x) | (-A + V)u = 0} = kev{HK,n), (8.30) 

the second part of Theorem 17.21 and Lemma [Ql in which we set Wj ;= (—A + V)uj^ J £ N. D 

Next, we define the following Rayleigh quotient 

RK^n[u]:=—-, -^TCT ' O^u^Hlin). (8.31) 

Then the following min-max principle holds: 
Proposition 8.5. Assume Hypothesis \6.2[ Then 

XK,n,j = min ( max RK,n[u]), j e N. (8.32) 

Wj subspace of H^(U) ^Oi^UeWj / 
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As a consequence, given two domains 51, fi as in Hypothesis 15.71 for which J7 C J7, and given a potential 
< F e L°^{n), one has 

0<A^^fi,^. <Ak,oj, ieN, (8.33) 

where V :— V\q, and Xk,Q.,j o.'>^d A^ s ■; J G -f^; ^'^c ^^^ eigenvalues corresponding to the Krein-von Neumann 
extensions associated with fi, V and il, V , respectively. 

Proof. Obviously, (|8.33p is a consequence of (|8.32l) . so we will concentrate on the latter. We recall the 
Hilbert space T-Ly from (18. Sp and the orthogonal family {mjIj^n in (|8.20I) - (I8.22I) . Next, consider the following 
subspaces of Hy, 

Vb := {0}, Vj := lin. span{u, \l<i<j}, j E N. (8.34) 

Finally, set 

F/ -.^{uen I [u, u.^uv = 0, 1 < i < j}, J e N. (8.35) 

We claim that 

A^.^j = min i?x.f7M = i?i<-.s:2[uj], J e N. (8.36) 

Indeed, if j' £ N and u ~ X^fcli CfcWfe £ ^-i: then c^ = whenever 1 < fc < j — 1. Consequently, 



||(-A + V-)«||i.(^^,„,) = 



oo 

)_Jcfc(-A + V^)7.fc 


2 


oo 


fc=i 


L2(0;d"x) 


fc=j 



CfcT (8-37) 



by dOI), so that 



|Vw||^L2(0;d"x))" + ll'i^'/'"lli^(n;d".) = ((-A + T/)w,M)i2(0;d"x) 

• oo \ 

^Cfc(-A + y)ufc,uJ 
J2(^K,n,kr^Ck{-A + Vfuk,uj 

' I o / J 



k=j ^ L^n;d"x) 



J2{XK,n,ky'cki-A + V)uk, (-A + V)u 

k=j ^ L^{n;d"x) 



J2(^K,n.kr^Ck{-A + V)uk,J2 cfc(-^ + ^)^k 

k=j k=j ^ L'^(n;d"'x) 



oo 



= Y.{^K.n,k)-'\ck\'<{\K.n,j)-'J2\''k\' 

k=j k=j 

= (Ai^,o,,)-^||(-A + y)w||i.(^^,„,), (8.38) 

where in the third step we have relied on (|8.2p . and the last step is based on (|8.37p . Thus, RK,n[u] > XK,n,j 
with equality if u = Uj (cf. the calculation leading up to (|7.4p ). This proves ()8.36p . In fact, the same type 
of argument as the one just performed also shows that 

A_ft:,nj = max RK,nM = Rx.niuj], j <eN. (8.39) 

Next, we claim that if Wj is an arbitrary subspace of H of dimension j then 

Aif,n,i < max i?K,oM, j e N. (8.40) 

To justify this inequality, observe that Wj D V^i ^ {0} by dimensional considerations. Hence, if ^ Vj £ 
Wj n V/ii then 

Ak.o.j = min RK.n[u] < Rk. ni'^j] < "i^x i?K,o[w], (8.41) 

estabhshing (|O0)) . Now formula (|832)) readily follows from this and ((8?39l) . D 
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If rj C M" is a bounded Lipschitz domain denote by 

< ^D,n,i < ^D,n,2 < ■ • • < ^D,n,j < ^D,n,j+i < • ■ • (8.42) 

the collection of eigenvalues for the perturbed Dirichlet Laplacian Husi (again, listed according to their 
multiplicity). Then, if < V^ £ L°° [0,] (T' x) , we have the well-known formula (cf., e.g., [63] for the case 
where V = Q) 

>^D,vi,j = min ( max i?D.nM), j S N, (8.43) 

Wj aubspaco of ifl(n) ^ 0#mGWj / 

dim(Wj)=j 

where RD,n[u\, the Rayleigh quotient for the perturbed Dirichlet Laplacian, is given by 



|V^||2 ,,„.,_,,„ + 111/1/2 



u 



|2 



RD.n[u] := ' ' ' I ,2 ^^ -, ^ ?i e H^{^). (8.44) 

From Thcorcm l2.101 Theorem 14. 8[ and Proposition lS.lOl we already know that, granted Hypothesis 16. 2[ the 
nonzero eigenvalues of the perturbed Krein Laplacian are at least as large as the corresponding eigenvalues 
of the perturbed Dirichlet Laplacian. It is nonetheless of interest to provide a direct, analytical proof of this 
result. We do so in the proposition below. 



Proposition 8.6. Assume Hvvothesis \Q. 21 Then 

< ^DM,i < >^K,n^v ieN. (8.45) 

Proof. By the density of C^i^) into Hg{fl) and i?o(ri), respectively, we obtain from (|8.32p and (|8.43l) that 

XK,n,j = inf ( sup i?K,oN), (8.46) 

Wj subspaoo of cg°{n) \ o^uGWj ' 

dim(Wj)=j 

\d.q.,j= inf ( sup i?z).nM), (8.47) 

»- subspacoot C~(f!) VO^^USW,- ' 

dim(Wj)=j 

for every j G N. Since, if u £ C^(yt), 

\\^4\mn:Ar^.)r + ll^'^'"lli^(a;d"x) = ((-A + l^)ii,w)L^(n;d".) 

< ||(-A + F)u||i2(0;d^,)||M||i2(0;d"x), (8.48) 

we deduce that 

i?D,nM < i?K.oN, whenever 7^ u £ Co^(f^). (8.49) 

With this at hand, ([STiS)) follows from ((051) - ((5Tf| . D 

Remark 8.7. Another analytical approach to (|8.45l) which highlights the connection between the perturbed 
Krein Laplacian and a fourth-order boundary problem is as follows. Granted Hypotheses 14.11 and 14.71 and 
given A £ C, consider the following eigenvalue problem 

u £ dom(-Ama2;,n), (-A -I- V)u £ dom(-Amaa;,o), 
(-A + Vfu = A (-A -f V)u in O, 

7z,(«) = in (7Vi/2(9r!))*, (^-^"^ 

7i)((-A + V^)m)=0 in ('7Vi/2(9f])y. 
Associated with it is the sesquilinear form 

avM^. v) - ((-A + V)u, (-A + V)v)L2^n;d'^,-^ + {V^/^u, V^^^v) ^,^^,^^^^ (8.51) 

-A (Vw, Vw)(i2(n;d"x))" , u,v en, 
which has the property that 

u e H satisfies av.\{u, v) — for every t; £ ?^ if and only if u solves (I8.50[) . (8.52) 

We note that since the operator —A -|- V : H^{Vt) n i?o (^) — > L^{^\ (Px) is an isomorphism, it follows that 
u 1-^- [|(— A-|-F)u||i2(f2.£jn2,) is an equivalent norm on the Banach space H, and the form ay^A( • ) • ) is coercive 
if A < — Af , where M = M(J7, V^) > is a sufhciently large constant. Based on this and proceeding as in 
Section [71 it can then be shown that the problem (|8.50p has nontrivial solutions if and only if A belongs 
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to an exceptional set Aq y C (0, oo) which is discrete and only accumulates at infinity. Furthermore, u 
solves (j8.50p if and only if v :— (~A + V)u is an eigenfunction for Hd^ci, corresponding to the eigenvalue 
A and, conversely, if u is an eigenfunction for Hd^^ corresponding to the eigenvalue A, then u solves (|8.50l) . 
Consequently, the problem (I8.50p is spectrally equivalent to Hdq. From this, it follows that the eigenvalues 
{-^D.ajljeN of Hd,q can be expressed as 

^D.n.j ^ min { max RK.n[u\), j e N, (8.53) 

W-j subspaco ot -H V OT^UeWj / 

dim(Wj)=i 

where the Rayleigh quotient -Rk^oM is as in (|8.31|) . The upshot of this representation is that it immediately 
yields (jg^iSI) . on account of ((O^ and the fact that H^{il) C H. 

Next, let n be as in Hypothesis O and 0<V e L°°{n; (Px). For A G M set 

NxA^) ■■= #{J e N I Xx,n,j < A}, X€ {D, K}, (8.54) 

where #5* denotes the cardinality of the set S. 

Corollary 8.8. Assume Hvvothesis \G.2[ Then 

NK.nW < No.nW, A e M. (8.55) 

In particular, 

NK,nW = 0(A"/2) as A ^ oo. (8.56) 

Proof. Estimate (|8.55p is a trivial consequence of (|8.45p . whereas (|8.56p follows from (|8.42l) and Weyl's 
asymptotic formula for the Dirichlet Laplacian in a Lipschitz domain (cf. [39j and the references therein for 
very general results of this nature) . D 

8.2. The Unperturbed Case. What we have proved in Section [7] and Section [01 shows that all known 
eigenvalue estimates for the (standard) buckling problem 

u£H^{n), A^u^-XAuinn, (8.57) 

valid in the class of domains described in Hypothesis 15.71 automatically hold, in the same format, for the 
Krein Laplacian (corresponding to F = 0). For example, we have the following result with X)^qj, j G N, 

denoting the nonzero eigenvalues of the Krein Laplacian — Ax,si and X^, q ,, J G N, denoting the eigenvalues 
of the Dirichlet Laplacian —AusY- 

Theorem 8.9. If fl C K" is as in Huvothesis \5.7i the nonzero eigenvalues of the Krein Laplacian —Afc^n 
satisfy 



(0) ^ n +on + zu (0) 

n . 

E ^^A.+i < (^ + 4)A^ki - ;^Tl(^Kk2 - A^ki) < (" + 4)aSo.i: (8-59) 

E (A^k.+i - ^n^f ^ '-^ E (^^!o.+i - ^K,.,)^^n,, k G N, (8.60) 

Furthermore, if j(n-2)/2,i "is the first positive zero of the Bess el function of first kind and order (n — 2)/2 {cf. 
[1] Sect. 9.5]), Vn denotes the volume of the unit hall in K", and \Q.\ stands for the n-dimensional Euclidean 
volume of f2, then 

o2/n -2 2/n 

^ J(n-2)/2,l^'» ^ ,(0) (0) f . 

^^^ < ^D,n,2 ^ ^K,n,r (*5.61) 

Proof. With the eigenvalues of the buckling plate problem replacing the corresponding eigenvalues of the 
Krein Laplacian, estimates (|8.58l) - (|8.60p have been proved in [25], [26], [27], [5^, and [105 _ (indeed, further 
strengthenings of (|8.59p are detailed in [35], [17]), whereas the respective parts of (I8.6ip are covered by 
results in [TTl] and [TH] (see also [30], [H]). D 
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Remark 8.10. Given the physical interpretation of the first eigenvalue for (|8.57p . it follows that X)^ q i, the 
first nonzero eigenvalue for the Krein Laplacian — A^fn, is proportional to the load compression at which 
the plate J7 (assumed to be as in Hypothesis 15. 7p buckles. In this connection, it is worth remembering the 
long-standing conjecture of Polya-Szego, to the effect that amongst all plates of a given area, the circular 
one will buckle first (assuming all relevant physical parameters being equal) . In |30j , the authors have given 
a partial result in this direction which, in terms of the first eigenvalue X}^\i i for the Krein Laplacian — Aj<:_o 
in a domain J7 as in Hypothesis 15.71 reads 

22/n -2 2/n 

x(0) . J(n-2)/2.1^" _ , (0) .„ .„x 

where V,"^ is the n-dimensional ball with the same volume as J7, and 

c„ = 22/"[j(„_2)/2,i/jn/2,i]' = 1 - (4 - log4)/7i + ©(t.-^/^) ^ 1 as n ^ oo. (8.63) 

This result implies an earlier inequality of Bramble and Payne [46) for the two-dimensional case, which reads 

>^P.n.^ > T^. (8.64) 



Before stating an interesting universal inequality concerning the ratio of the first (nonzero) Dirichlet and 
Krein Laplacian eigenvalues for a bounded domain with boundary of nonnegative Gaussian mean curvature 
(which includes, obviously, the case of a bounded convex domain), we recall a well-known result due to 
Babuska and Vyborny [33] concerning domain continuity of Dirichlet eigenvalues (see also [54], [55], [61], 
[77], [160j . |175] . and the literature cited therein): 

Theorem 8.11. Let CI C M" be open and bounded, and suppose that Qm C fl, m £ N, are open and 
monotone increasing toward f2, that is, 

^m C nm+i C fi, TO e N, (J rj„ = n. (8.65) 

mefi 

In addition, let — A/^.fj^^ and — A^^o be the Dirichlet Laplacians in L^(p.m\d^^x) and L^ (Jl; d" x) {cf. ()4.47p . 
(|4.53|) ). and denote their respective spectra by 

<j{-AD,nJ = {Ag;o„.,},eN' "^ ^ N, and a(-A,,,f,) = {X%J^^^. (8.66) 

Then, for each j £ N, 

jToo^SL.=Agk,. (8.67) 

Theorem 8.12. Assume that Cl C M" is a bounded quasi-convex domain. In addition, assume there exists 
a sequence of C°° -smooth domains {^m}mGN satisfying the following two conditions: 
(i) The sequence {flm,}m£N monotonically converges to 51 from inside, that is, 

^m c ^n+i c ri, TO e N, \J n^ = n. (8.68) 

men 
{a) If Qm denotes the Gaussian mean curvature ofdflm, then 

Gm > for all me N. (8.69) 

Then the first Dirichlet eigenvalue and the first nonzero eigenvalue for the Krein Laplacian in fl satisfy 

1 < -^7^ < 4- (8.70) 

D,n,i 

In particular, each bounded convex domain D, C M" satisfies conditions (i) and (ii) and hence (j8.70p holds 
for such domains. 

Proof. Of course, the lower bound in (|8.70p is contained in (I8.45P , so we will concentrate on establishing the 
upper bound. To this end, we recall that it is possible to approximate Q with a sequence of C°°-smooth 
bounded domains satisfying (|8.68l) and (|8.69p . By Theorem 18.111 the Dirichlet eigenvalues are continuous 
under the domain perturbations described in (|8.68p and one obtains, in particular, 

lim X%_, = Ag|,,.i. (8.71) 
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On the other hand, (|8.33p yields that X}^ ^ i — ^k n i- Together with (18.711) . this shows that it suffices to 
prove that 

A^^L.i ^ 4Ag;^™a' "^GN. (8.72) 

Summarizing, it suffices to show that 

il C M" a bounded, C°°-smooth domain, whose Gaussian mean 

(0) (0) V / 

curvature G of dH, is nonnegative, imphes Xj^ q i — "^^d n i- 

Thus, we fix a bounded, C°° domain fl C M" with Q > on dfl and denote by ui the (unique, up to 
normahzation) first eigenfunction for the Dirichlet Laplacian in il. In the sequel, we abbreviate Au :— Xjj q ^ 
and Xk ■= X%]^^^. Then (cf. ,89, Theorems 8.13 and 8.38]), 

ui e C°°(n), ui|ao = 0, wi > in rj, -Aui = Ad ui in fi, (8.74) 

and 

Xd = ^^l 'i : ' . 8.75 

In addition, (|8.36p (with j = 1) and u\ as a "trial function" yields 



Ai^ < f^^JJ.AL - (8-76) 



^d»a:|V(«?)|2- 



Then (|8.73p follows as soon as one shows that the right-hand side of (|8.76p is less than or equal to the 
quadruple of the right-hand side of (|8.75p . For bounded, smooth, convex domains in the plane (i.e., for 
n = 2), such an estimate was established in |142| . For the convenience of the reader, below we review 
Payne's ingenious proof, primarily to make sure that it continues to hold in much the same format for our 
more general class of domains and in all space dimensions (in the process, we also shed more light on some 
less explicit steps in Payne's original proof, including the realization that the key hypothesis is not convexity 
of the domain, but rather nonnegativity of the Gaussian mean curvature Q of its boundary). To get started, 
we expand 

(A(u?))2=4[A|,uf-2AD«?|V«i|2 + |Vui|4], |V(M?)|2 = 4zi?|V«ip, (8.77) 

and use (|8.76p to write 



Next, observe that based on (|8.74p and the Divergence Theorem we may write 

/"d"x[3u?|VMip-A£,uf] = [ d'^x[3ul\Vui\^+ulAui]= /" d"2;div(u?Vui) 
Jq Jn Jn 

d''-^ujuld^ui=0, (8.79) 



Ian 

where v is the outward unit normal to Sfi, and d^~^uj denotes the induced surface measure on dil. This 
shows that the coefficient of Xjj in ()8.78p is 3A^^ , so that 

A.<A,+., where.:.^^LI_L_. (8.80) 

We begin to estimate 6 by writing 

[ d"x\Vui\'^ = / d"a;(Vui) • (|VuipVui) = - / d^'xuidivQVuifVui) 
Jn Jn Jn 

= - I d^x [{ui Vui) • (VIVmiI^) - Ad uJlVuif] , (8.81) 

Jn 

so that 

^d":r(MiVMi)-(V|Vui|2) 



/j^d"xu?|Vwi| 



Ad - 0. (8.82) 
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To continue, one observes that because of (|8.74p and the classical Hopf lemma (cf. [SHJ Lemma 3.4]) one has 
d^ui < on 9il. Thus, |Vui| 7^ at points in Vt near dVt. This allows one to conclude that 

V = — TTz — r near and on dH.. (8.83) 

By a standard result from differential geometry (see, for example, '68', p. 142]) 

div(i/) = {n-l)g on dn, (8.84) 

where Q denotes the mean curvature of dfl. 

To proceed further, we introduce the following notations for the second derivative matrix, or Hessian, of 
ui and its norm: 

/ 12 \ / " \ 1/2 



Hess(wi):-U^^) , |Hess(«i)| := ^ l^.a^uip ) . (8.85) 



Relatively brief and straightforward computations (cf. 1115, Theorem 2.2.14]) then yield 
div(j.) = -J29j (^) = I V^il rM- Aui + {ly, Hess(wi)z/)] 

= |Vuip"^(j^, Hess(ui)z^) on dfl 
(since —Aui = XdUi = on dQ), 

djUi 



— — |Vui|^-^(i^,Hess(Mi)i^) + |Viii|^-^|i/p(i^, Hess(Mi)i^) 

= 0, (8.87) 

and finally, by dHH), 

n n 

= -2|Viti|(i^, Hess(wi)i/) = -2|VMipdiv(i^) 

= -2{n-l)g\Vui\^ <0 on dn, (8.88) 

given our assumption ^ > 0. 
Next, we compute 

/ d"x [|V(|Vmi|^)|^ - 2\d \S7ui\^ + 2\Vuif\Ress{ui)f] 
Jn 

= f d"xdiv{\Vui\^V{\Vui\^)) ^ f d"-^uju ■ {\Vui\^V{\Vui\^)) 
Jn Jaa 

= / d"-^uj\Vui\^d^{\\/ui\^) <0, 
■/an 

since 9,^(1 Vui[^) < on dil by (|8.88p . As a consequence, 

2Xd f d"x\Vui\^> /d"a;[|V(|Vuip)p + 2|VwinHess(Mi)p]. 
Jn Jn 

Now, simple algebra shows that |V(|Vwi|^)|^ < 4 |Vui|^|Hess(Mi)p which, when combined with (|8.90p . yields 

^ /d"a;|Vwi|4> /d"a;|V(|Vui|2)|2. (8.91) 



(8.89) 



(8.90) 



Let us now return to (|8.8ip and rewrite this equality as 



/"^"xIVmiI'*^- [ d'^ximVui) ■ {V\Vui\'^ ~ XduiVui). (8.92) 

Jn Jn 



An application of the Cauchy-Schwarz inequality then yields 



^ 2 

|4 ' 



d^xlVwilM < ( / d^xu^lVuiH ( /" d"a;|V|Vuip-ADUiVuin . (8.93) 

n J \Jn J \Jn J 
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By expanding the last integrand and recalling the definition of 6 we then arrive at 

,2 .,2 ,, / Ld-xKV.i).(V|Vuin \ / ^rf"x|V(|Vuinp \ 

< A^ - 2Az5 r ^„^..2iv7.. 12 + r ^„^..2iv7.. 12 ■ (^.94) 



/^d"xu^|Vwi|2 y \ /^rf"a;uf|V-ui 

Upon recalling (|8.82l) and (|8.9ip . this becomes 

e^ < Xl - 2Xn{XD -e) + ^9^ -Xl + ^9. (8.95) 

In turn, this forces 9 < 3Xd hence, ultimately, Xk < 4:Xd due to this estimate and (|8.80l) . This establishes 
(|8.73p and completes the proof of the theorem. D 

Remark 8.13. (i) The upper bound in (|8.70p for two-dimensional smooth, convex C°° domains fl is due to 
Payne |142j in 1960. He notes that the proof carries over without difficulty to dimensions n > 2 in |143[ 
p. 464]. In addition, one can avoid assuming smoothness in his proof by using smooth approximations flm, 
771 G N, of ri as discussed in our proof. Of course, Payne did not consider the eigenvalues of the Krein 
Laplacian — A/^ji, instead, he compared the first eigenvalue of the fixed membrane problem and the first 
eigenvalue of the problem of the buckling of a clamped plate. 

(m) By thinking of Iless(Mi) represented in terms of an orthonormal basis for M" that contains ly, one sees 
that ([8:861) yields 



div(j/) 



dui 



dv 



d ui ( dui\ d ui 



(8.96) 



(the latter because dui/dv < on dVl by our convention on the sign of ui (see (J8.74I) ')'). and thus 

^ = -(n - l)g^ on dn. (8.97) 

dv ov 

For a different but related argument leading to this same result, see Ashbaugh and Levine [31] pp. 1-8, 1-9]. 

Aviles [32], Payne |141| . |142) . and Levine and Weinberger |124) all use similar arguments as well. 

{Hi) We note that Payne's basic result here, when done in n dimensions, holds for smooth domains having 

a boundary which is everywhere of nonnegative mean curvature. In addition, Levine and Weinberger |124j , 

in the context of a related problem, consider nonsmooth domains for the nonnegative mean curvature case 

and a variety of cases intermediate between that and the convex case (including the convex case) . 

(w) Payne's argument (and the constant 4 in Theorem I8.12p would appear to be sharp, with any infinite 

slab in K" bounded by parallel hyperplanes being a saturating case (in a limiting sense). We note that such 

a slab is essentially one-dimensional, and that, up to normalization, the first Dirichlet eigenfunction ui for 

the interval [0, a] (with a > 0) is 

ui(a;) = sin(7ra;/a) with eigenvalue A = 7r^/a^, (8.98) 

while the corresponding first buckling eigenfunction and eigenvalue are 

ui(xf = sin2(7rx/a) = [1 - cos(27rx/a)]/2 and 4A = 47r^/a^. (8.99) 

Thus, Payne's choice of the trial function u\, where ui is the first Dirichlet eigenfunction should be optimal 
for this limiting case, implying that the bound 4 is best possible. Payne, too, made observations about 
the equality case of his inequality, and observed that the infinite strip saturates it in 2 dimensions. His 
supporting arguments are via tracing the case of equality through the inequalities in his proof, which also 
yields interesting insights. 

Remark 8.14. The eigenvalues corresponding to the buckling of a two-dimensional square plate, clamped 
along its boundary, have been analyzed numerically by several authors (see, e.g., [8], [9], and [45 ). All these 
results can now be naturally reinterpreted in the context of the Krein Laplacian — Aj<-.si in the case where 
Q, = (0, 1)^ C K^. Lower bounds for the first k buckling problem eigenvalues were discussed in [123j . The 
existence of convex domains 17, for which the first eigenfunction of the problem of a clamped plate and the 
problem of the buckling of a clamped plate possesses a change of sign, was established in [113j . Relations 
between an eigenvalue problem governing the behavior of an elastic medium and the buckling problem were 
studied in [106 . Buckling eigenvalues as a function of the elasticity constant are investigated in [109j . 
Finally, spectral properties of linear operator pencils A — \B with discrete spectra, and basis properties of 
the corresponding eigenvectors, applicable to differential operators, were discussed, for instance, in [145j . 
[164j (see also the references cited therein). 

Formula (|8.56p suggests the issue of deriving a Weyl asymptotic formula for the perturbed Krein Laplacian 
Hk,o. ■ This is the topic of our next section. 
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9. Weyl Asymptotics for the Perturbed Krein Laplacian in Nonsmooth Domains 

We begin by recording a very useful result due to V.A. Kozlov which, for the convenience of the reader, 
we state here in more generality than is actually required for our purposes. To set the stage, let ft C K", 
n ^ 2, be a bounded Lipschitz domain. In addition, assume that m > r > are two fixed integers and set 

?7~2(m-r)>0. (9.1) 

Let VF be a closed subspace in H"^{n) such that iJ™(il) C W. On W, consider the symmetric forms 

a{u,v):= J2 f d"xa^^p{x)WuKx){d"'v){x), u,veW, (9.2) 

0<|a|,|/3|<m ^ 



b{u,v):^ J2 dJ'xha,fi{x){dPu){x){d°'v){x), u,v (zW. (9.3) 



and 

6(u,w):= ^ 

O<|a|,|0Kr"'" 

Suppose that the leading coefficients in a( • , • ) and 6( • , • ) are Lipschitz functions, while the coefficients 
of all lower-order terms are bounded, measurable functions in J7. Furthermore, assume that the following 
coercivity, nondegeneracy, and nonnegativity conditions hold: For some Co 6 (0,oo), 

a(u,w)^Co||u||2,„(f,), u€W, (9.4) 

Y. b^,p{x)S,'^+^ ^Q, xeH, e^O, (9.5) 

|a| = |/3|=r 

6(u,m)>0, u£W. (9.6) 

Under the above assumptions, W can be regarded as a Hilbert space when equipped with the inner product 
a( • , ■ ). Next, consider the operator T £ B{W) uniquely defined by the requirement that 

a{u, Tv) = b{u, v), u,v eW. (9.7) 

Then the operator T is compact, nonnegative and self- adjoint on W (when the latter is viewed as a Hilbert 
space). Going further, denote by 

< • • • < ^iJ+l{T) <ti,iT)<---< ^i(T), (9.8) 

the eigenvalues of T listed according to their multiplicity, and set 

N{X;W,a,b) :=#{,] en \^l,{T)>X-'}, A > 0. (9.9) 

The following Weyl asymptotic formula is a particular case of a slightly more general result which can be 
found in II 111 . 

Theorem 9.1. Assume Hvvothesis \4:.l\ and retain the above notation and assumptions on a{- , ■), &( • , • ), 
W , and T. In addition, we recall (|9.ip . Then the distribution function of the spectrum of T introduced in 
()9.9|) satisfies the asymptotic formula 

N{X; W, a, b) = ojaA^ ^"^" + ©(A^"-'!/^"/'') as A ^ oo, (9.10) 

where, with dujn-i denoting the surface measure on the unit sphere S"^^ = {^ G M" | |^| = 1} in M", 



"(27r)" Ja \-'iei=i 



E|a| = |/3Nma„,^(^)e+'' 



(9.11) 



Various related results can be found in [110) . |112) . After this preamble, we are in a position to state and 
prove the main result of this section; 



Theorem 9.2. Assume Hypothesis \6.2[ In addition, we recall that 

NK,niX)^#{3£N\XK,n,j <\}, A e M, (9.12) 

where the (strictly) positive eigenvalues {XK,n,j}jeN of the perturbed Krein Laplacian IlK,n are enumerated 
as in (|8.ip (according to their multiplicities) . Then the following Weyl asymptotic formula holds: 

NkM^) = (2^)""v„|r!| A"/2 + o(^(n-(i/2))/2) as X^oo, (9.13) 

where, as before, w„ denotes the volume of the unit ball in M", and \fl\ stands for the n-dimensional Euclidean 
volume of fl. 
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Proof. Set W :— Hq^H) and consider the symmetric forms 



aiu,v):^ d''x{-A + V)u{-A + V)v, u,veW, (9.14) 

Jn 



b{u,v) := / d"a;Vu-Vw+ / d''xV^/^uV^^^v, u,v€W, (9.15) 

Jn Jn 

for which conditions (|9.4p - (|9.6p (with m = 2) are verified (cf. (18. 6|) ). Next, we recah the operator (—A + 
V)-^ := ((-A + y)2)-i e B{H-^{n),H§{n)) from (ISTTI) along with the operator 

BeBooiW), Bu:= -{-A + Vy^{-A + V)u, ueW, (9.16) 

from (|8.13p . Then, in the current notation, formula (|8.15p reads a{Bu,v) — b{u,v) for every u,v € C(^{il). 
Hence, by density, 

a{Bu, v) = b{u, v), u,v eW. (9.17) 

This shows that actually B — T, the operator originally introduced in (|9.7p . In particular, T is one-to-one. 
Consequently, Tu = fiu for u eW and ^ fi eC, if and only if u e Hq{Q) satisfies {-A + V)^^{-A + V)u = 
fiu, that is, (—A -I- V)'^u = /i^^(— A + V)u. Hence, the eigenvalues of T are precisely the reciprocals of 
the eigenvalues of the buckling clamped plate problem (|7.6p . Having established this, formula (|9.13p then 
follows from Theorem 17.51 and (|9.10p . upon observing that in our case m = 2, r = 1 (hence rj — 2) and 
OJaM-i = {2n)-''Vn\n\. a 

Incidentally, Theorem l9.2l and Theorem [73] show that, granted Hvpothesis l6.21 a Weyl asymptotic formula 
holds in the case of the (perturbed) buckling problem (|7.ip . For smoother domains and potentials, this is 
covered by Grubb's results in 94' . In the smooth context, a sharpening of the remainder has been announced 
in |135| without proof. 

In the case where fi C M^ is a bounded domain with a C°°-boundary and <V ^ C^{il), a more precise 
form of the error term in (|9.13l) was obtained in [94] where Grubb has shown that 

A^K n(A) = — A -t- 0(A2/3) as a ^ oo, (9.18) 

47r ^ ' 

In fact, in [M], Grubb deals with the Weyl asymptotic for the Krein-von Neumann extension of a general 
strongly elliptic, formally self-adjoint differential operator of arbitrary order, provided both its coefficients 
as well as the the underlying domain H. C K" (n > 2) are C°°-smooth. In the special case where n equals 
the open ball B„(0; R), R> 0,m M", and when V^ = 0, it turns out that (|9T3l) . (|9T8l) can be further refined 
to 

KAiO;R)W = (2^)""f'i?"A"/2 - (2^)-("-i)z;„_i[(n/4)«„ + i;„_i]i?"-iA("-i)/2 

+ 0(A("-2)/2) as A^oo, (9.19) 

for every n>2. This will be the object of the final Section [11] (cf. Proposition II l.ip . 

10. A Class of Domains for which the Krein and Dirichlet Laplacians Coincide 



Motivated by the special example where fl = R \{0} and S = — Apoo(][j2\{-o}), in which case one can show 
the interesting fact that Sp = Sk (cf. [H], |I3J Ch. 1.5], [50], and Subsections 111.41 and 111.51) and hence the 
nonnegative self-adjoint extension of 5* is unique, the aim of this section is to present a class of (nonempty, 
proper) open sets J7 = W^\K , K C M" compact and subject to a vanishing Bessel capacity condition, with 
the property that the Friedrichs and Krein-von Neumann extensions of — A|„^,„, in L^ (Vl; cP x) , coincide. 
To the best of our knowledge, the case where the set K differs from a single point is without precedent and 
so the following results for more general sets K appear to be new. 

We start by making some definitions and discussing some preliminary results, of independent interest. 
Given an arbitrary open set fi C M", n > 2, we consider three realizations of —A as unbounded operators 
in L^ {Vt\ <f^ x) , with domains given by (cf. Subsection 14. 2p 

dom(-A„,a^,n) := {u e L^ {Vt; (f" x) \ Au C, L^ [Vi; (T x)] , (10.1) 

dom(-Ai5,o) :== {u G Hl{n) \ Au e L^ifl-^d'^x)}, (10.2) 

doni(-A,,o):=Co"(r!). (10.3) 

Lemma 10.1. For any open, nonempty subset D, C M", n > 2, the following statements hold: 
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(i) One has 

i-AcSl)* = -Amax.n- (10.4) 

(m) The Friedrichs extension of — Ac,o is given by 

{-Ac,n)F = -Ads^. (10.5) 

(Hi) The Krein-von Neumann extension of —Acsi. has the domain 

doni((-Ac,o)A:) = {u e dom(— A,nax,si) | there exists {uj}j^n £ C^{Q) (10.6) 

with lim \\Auj — Au\\]^2/Q.^n^\ —0 and {VnAjt^m Cauchy in L^{fl;d^x)^\. 

(iv) One has 

kcii{-Ac^n)K) = {ue£^(n;d"a;)| Am = inn}, (10.7) 

and 

keT{{-Ac^n)F) - {0}. (10.8) 

Proof. Formula (|10.4p follows in a straightforward fashion, by unraveling definitions, whereas (|10.5p is a 
direct consequence of (I2.14p or (|2.19l) (compare also with Proposition 15 . lOp . Next, (|10.6p is readily implied 
by ((2?20)) and ([TOi)) . In addition, ([TOTT)) is easily derived from ([2TT2)) . ([104)) and dTOTTj) . Finally, consider 
(fTaS]) . In a first stage, (fT031) and (fTa2|) yield that 

ker((-Ac,n)F) = {u £ H^{Q) | Au = in n}, (10.9) 

so the goal is to show that the latter space is trivial. To this end, pick a function u G i?o(f^) which is 
harmonic in 17, and observe that this forces Vu = in fi. Now, with tilde denoting the extension by zero 
outside fl, we have u G iJ^(M") and V(ii) = Vu. In turn, this entails that u is a constant function in 
L2(M; d"^x) and hence u = in O, establishing pUS)) . D 

Next, we record some useful capacity results. For an authoritative extensive discussion on this topic see 
the monographs [3], |129j . [163) . and |180j . We denote by Ba.2{E) the Bessel capacity of order a > of a 
set i? C M". When iiT C M" is a compact set, this is defined by 

B^,2{K) := inf {||/||i.(K„;,„,) \ 9^ * f > I on K, f > 0} , (10.10) 

where the Bessel kernel ga is defined as the function whose Fourier transform is given by 

5;(0 = (27r)-"/2(l + |en-"/2^ ^gK"^ (10.11) 

When O C M" is open, we define 

Ba,2iO) ■■= sup {BaMK) \ K C O , K compact }, (10.12) 

and, finally, when E C E" is an arbitrary set, 

B^^2{E) := inf {B„,2(0) \0 D E, O open }. (10.13) 

In addition, denote by H'^ the /c-dimensional Hausdorff measure on M", < fc < n. Finally, a compact subset 
K C M" is said to be L^ -removable for the Laplacian provided every bounded, open neighborhood O oi K 
has the property that 

{there exists u G L^{0; d'^x) so that 
, .~ „ . „ (10.14) 

u =u and Au = m O. ^ ' 

o\K 

Proposition 10.2. For a> 0, k £H, n>2 and E C M", the following properties are valid: 

[i) A compact set K C M" is L^-removable for the Laplacian if and only if B2^2{K) — 0. 
(m) Assume that fi C M" is an open set and that K <Z n is a closed set. Then the space C^ (fl\K) 
is dense in H''{n) {i.e., one has the natural identification Hl^{n) = iJp (il\_R')), if and only if 
Bk,2{K) = 0. 
(m) If2a<n and ^."^^"{E) < +oo then Ba^2{E) = 0. Conversely, if 2a < n and B^aiE) = then 

{iv) Whenever 2a > n then there exists C — C{a, n) > such that Ba^2{E) > C provided E ^ %. 

See, H Corollary 3.3.4], pJH Theorem 3], [Uni Theorem 2.6.16 and Remark 2.6.15], respectively. For 
other useful removability criteria the interested reader may wish to consult [5S], [128) , [151] . and [166) . 
The first main result of this section is then the following: 
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Theorem 10.3. Assume that K C M", n > 3, is a compact set with the property that 

B2a{K) = 0. (10.15) 

Define fJ :— W^\K . Then, in the domain il, the Friedrichs and Krein-von Neumann extensions of —A, 
initially considered on C^{n), coincide, that is, 

i-A,^n)F = (-A,,o)k. (10.16) 

As a consequence, ~A\c°°{n) has a unique nonnegative self-adjoint extension in L^{il;d"x). 

Proof. We note that (|10.15p implies that K has zero n-dimensional Lebesgue measure, so that L^{ft; d"x) = 
i^(]R"; d"x). In addition, by (Hi) in Proposition ll0.21 we also have Bi2{K) — 0. Now, if u G doin{—Ac,n)K, 
(|10.6p entails that u G L^ {fl; d"- x) , Au G L'^{n;d"x), and that there exists a sequence Uj G C^{Q), j G N, 
for which 

Auj -^ Au in L^(fi;d"a;) as j -^ oo, and {Vuj}jeN is Cauchy in L'^{Q;d"x). (10.17) 

In view of the well-known estimate (of. the Corollary on p. 56 of |129j ). 

lkllL-(M";d".)<aJVHlL^(E";d".), «GCo»(M"), (10.18) 

where 2* :— {2n)/{n — 2), the last condition in (|10.17l) implies that there exists w ^ L'^ {MJ^;d^x) with the 
property that 

Uj ~> w in L2'(E";d"x) and Vu^ -> Vw in L'^{R"-;d"x) as j -J> oo. (10.19) 

Furthermore, by the first convergence in (|10.17p . we also have that Aw = Am in the sense of distributions 
in J7. In particular, the function 

f -.^w-ueL^' (M"; d"a;) + ^^(M"; d"x) ^ L^M"^; d'^x) (10.20) 

satisfies A/ = in fi = W^\K. Granted (110. 15p . Proposition [TO^l yields that K is i^.j-emovable for the 
Laplacian, so we may conclude that A/ = in M". With this at hand, Liouville's theorem then ensures 
that / = in ]R". This forces u = it; as distributions in Vt and hence, Vm = Vw distributionally in Vt. In 
view of the last condition in (jlO.lQp we may therefore conclude that u G iJ^(M") = H}^{W^). With this at 
hand. Proposition 110.21 vields that u G -ffo(r2). This proves that dom(— Ac,o)k Q dom(— Ac.t2)_F and hence, 
(— Ac,si)_fs- C (— Ac.si)_F. Since both operators in question are self-adjoint, (|10.16p follows. D 

We emphasize that equality of the Friedrichs and Krein Laplacians necessarily requires that fact that 
inf(fT((— Ac,o)_f)) = inf(cr((— Ac.si)^:)) — 0, and hence rules out the case of bounded domains il C M", 
n G N (for which inf(cr((-Ac,n)i=^)) > 0). 

Corollary 10.4. Assume that K C M", n > A, is a compact set with finite (n — 4) -dimensional Hausdorff 
measure, that is, 

n"-^{K) < +00. (10.21) 

Then, with fl :— W^\K , one has {—Acsi)f = {^Acsi)k, o,nd hence, —A\(joam\ has a unique nonnegative 
self-adjoint extension in L^ (fl; d" x) . 

Proof. This is a direct consequence of Proposition 110.21 and Theorem ll0.3l D 

In closing, we wish to remark that, as a trivial particular case of the above corollary, formula (|10.16l) holds 
for the punctured space 

n ;= M"\{0}, n > 4, (10.22) 

however, this fact is also clear from the well-known fact that — Ajj^ooj-^nx tqin is essentially self-adjoint in 
L^(K"; d"x) if (and only if) n > 4 (cf., e.g., |150| p. 161], and our discussion concerning the Bessel operator 
dTTTTTH)). In [80l Example 4.9] (see also our discussion in Subsection 10.3), it has been shown (by using 
different methods) that (110. 16p continues to hold for the choice (|10.22[) when n = 2, but that the Friedrichs 
and Krein-von Neumann extensions of —A, initially considered on C^{il) with ft as in (|10.22p . are different 
when n = 3. 

In light of Theorem 110.31 a natural question is whether the coincidence of the Friedrichs and Krein-von 
Neumann extensions of —A, initially defined on C^{ft) for some open set fl C M", actually implies that the 
complement of J7 has zero Bessel capacity of order two. Below, under some mild background assumptions 
on the domain in question, we shall establish this type of converse result. Specifically, we now prove the 
following fact: 
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Theorem 10.5. Assume that K C M", n > A, is a compact set of zero n-dimensional Lebesgue m,easure, 
and setVt:^ W\K . Then 

{-A,s-i)f = (-Ac,o)k implies B2a{K) - 0. (10.23) 

Proof. Let K be as in the statement of the theorem. In particular, L^{Vt\d'^x) = L? {W- \ d^ x) . Hence, 
granted that (-AcJ2)a' = (-Ac,n)_F, in view of pITT)) . (ITirSl) this yields 

{u e L^{W; d''x) I A M = in W''\K} = {0}. (10.24) 

It is useful to think of (|10.24p as a capacitary condition. More precisely, ()10.24p implies that Ca.p{K) = 0, 
where 

Ca.p{K) :=sup{|£/(r„)(Am, 1)£(R„)| | ||u||i2(R„.d.>3;) < 1 and supp(Au) <ZK}. (10.25) 

Above, f (M") is the space of smooth functions in K" equipped with the usual Frechet topology, which ensures 
that its dual, f (M"), is the space of compactly supported distributions in M". At this stage, we recall the 
fundamental solution for the Laplacian in M", n > 3, that is, 

(r(-) the classical Gamma function [1, Sect. 6.1]), and introduce a related capacity, namely 

Cap,(if) := sup{|£,(R„)(/, 1)£(R„)| I / G 5'(M"), supp(/) C K, \\E^ * fh^im^.d^.) < l}. (10.27) 

Then 

0< Cap^(X) <Cap(ii:) = (10.28) 

so that Ga,p^{K) — 0. With this at hand, |100[ Theorem 1.5 (a)] (here we make use of the fact that n > 4) 
then allows us to strengthen (|10.24l) to 

{u e Lf„,(M";d"a;) | Am = in R^XK} = {0}. (10.29) 

Next, we follow the argument used in the proof of [1301 Lemma 5.5] and ^ Theorem 2.7.4]. Reasoning by 
contradiction, assume that -B2,2(^) > 0- Then there exists a nonzero, positive measure fj, supported in K 
such that 32 *M S L^(M"). Since 52(2:) = CnEn{x) +o(|a:p~") as |a;| -^ (cf. the discussion in Section 1.2.4 
of [3]) this further implies that En * i-i E ij^Q^(M"; d"a::). However, _E„ * /i is a harmonic function in M"\iir, 
which is not identically zero since 

lim |a;|""^(^„ * ^i)ix) = c„^(i^) > 0, (10.30) 

so this contradicts (|10.29l) . This shows that B2,2{K) =0. D 

In this context we also refer to [79, Sect. 3.3] for necessary and sufficient conditions for equality of (certain 
generalizations of) the Friedrichs and the Krein Laplacians in terms of appropriate notions of capacity and 
Dirichlet forms. 

Theorems ll0.3lTl0.5l readilv generalize to other types of elliptic operators (including higher-order systems). 
For example, using the polyharmonic operator (— A)^, £ S N, as a prototype, we have the following result: 

Theorem 10.6. Fix i E N, n > 2i + 1, and assume that K C M" is a compact set of zero n-dimensional 
Lebesgue measure. Define fl :~ R"'\K . Then, in the domain fl, the Friedrichs and Krein-von Neumann 
extensions of the polyharmonic operator (— A) , initially considered on C^(J7), coincide if and only if 
B2L2{K) - 0. 

For some related results in the punctured space J7 := K"\{0}, see also the recent article [4]. Moreover, we 
mention that in the case of the Bessel operator h^ — {—d'^/dr^) + {i/"^ — (l/4))r~^ defined on C§°{{0, 00)), 
equality of the Friedrichs and Krein extension of h^ in L^{{0, cxo); dr) if and only if i^ = has been established 
in [126 . (The sufhciency of the condition 1/ = was established earlier in [80].) 

While this section focused on differential operators, we conclude with a very brief remark on half-line 
Jacobi, that is, tridiagonal (and hence, second-order finite difference) operators: As discussed in depth by 
Simon |158j , the Friedrichs and Krein-von Neumann extensions of a minimally defined symmetric half-line 
Jacobi operator (cf. also [3S]) coincide, if and only if the associated Stieltjes moment problem is determinate 
(i.e., has a unique solution) while the corresponding Hamburger moment problem is indeterminate (and 
hence has uncountably many solutions). 
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11. Examples 

11.1. The Case of a Bounded Interval (a, b), — oo < a < b < oo, V = 0. We briefly recall the essence of 
the one-diniensional example fl — (a, b), — cxd < a < b < oo, and V^ = 0. This was first discussed in detail by 
[H] and [IHI Sect. 2.3] (see also [79l Sect. 3.3]). 

Consider the minimal operator — Ami„ (^ ;,) in L'^{{a,b);dx), given by 

u G dom(-A„„„^(^^b)) ^ {ve L'^{{a, b); dx) | w, w' G AC{\a, b]); (11.1) 

v{a) = v'{a) = v{b) = v' {b) = 0; v" G L^{{a, b); dx)}, 
where AC([a, &]) denotes the set of absolutely continuous functions on [a.b]. Evidently, 



^min,{a,b) 7 ; 

and one can show that 



(11.2) 



Co-((a,b)) 
- ^min,ia,b) > [^ / {b ~ a)] I L^({a,b)-dx)- (11-3) 

In addition, one infers that 

{ — \nin,(a,b))* = —\nax,(a,b), (11-4) 

where 

u G dom{-A„,ax,{a,b}) = {« G L^{{a,b);dx) \v,v' e AC{[a,b]); v" G L^{{a,b);dx)} . (11.5) 

In particular, 

def(-A„i„_(a_ft)) = (2,2) and ker((-A„,„^(„_f,))*) = lin.span{l,a;}. (11.6) 

The Friedrichs (equivalently, the Dirichlet) extension — A/j (^ j,) of ^Amin,{a,b) is then given by 

u G AouY{-/\o,(a,b)) == {w G i^((a, b)\dx) | w, w' G ylC([a, 6]); (11.7) 

v{a) ^v{b) =0; w" G ^^((a, 6); da;)}. 
In addition, 

a{^ADXa,b)) - ^■''^'(^ - «)"'beN, (11.8) 

and 

dom ((-Ai5.(„^b))i/2) ^ {i, e l2((^^ ^). ^a;) I „ g AC{[a, b]); v{a) = v{b) = 0; w' G L^{{a, b);dx)}. (11.9) 

By (1233, 

dom(-AA',(a,b)) = doni(-A„„_(a_f,)) + kcr((-A„i„_(a_t))*), (11.10) 

and hence any u G dom(— A^ ((j,6)) is of the type 

I X — cl\ 

u^f + Vi / e dom(-A„„„^(a^f,)), r]{x) ^u{a) + [u{b) ~u{a)]l—^j, X e {a,b), (H-H) 

in particular, /(a) = /'(a) = /(fe) = /'(&) = 0. Thus, the Krein-von Neumann extension — Ax.(a.6) of 
-^rmn,{a,b) is giveu by 

- ^K,(a,b)U = -w", 

■u G dom(-AA'^(„^b)) = {w G i^((a, 6); dx) | u, u' G AC([a, &]); (11-12) 

v'{a) = t;'(fe) = [w(6) - v{a)]/{b - a); w" G L^((a, 6); da;)}. 

Using the characterization of all self-adjoint extensions of general Sturm-Liouville operators in |176[ Theorem 
13.14], one can also directly verify that — Ax,(a,6) a-s given by ()11.12p is a self-adjoint extension of — A^^n (^ f,). 
In connection with (jll.ip . (jll.Sp . ()11.7p . and ()11.12p . we also note that the well-known fact that 

w, v" G L^{{a, b);dx) implies v' G L^{{a, b);dx). (11.13) 

Utilizing (I11.13p . we briefly consider the quadratic form associated with the Krein Laplacian —Aj^u^b)- 
By ((2:421 and ((2:43t . one infers, 

dom {{-AK^iaM))'^^) = dom ((-A,3,(,,b))i/2) + kcr((-A™„,(,,b))*), (11.14) 



(11.16) 
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= {{u + g)', (u + g)')m{a,b)-dx) - [9(b)g'{b) ~ g{a)g'(a)] 

= ((" + .9)', {u + g)')m(a,b);d^) - \Hb) + g{b)] - [u{a) + g{a)]\^/{h - a), 

w G dom((-Ai5,(„.b))i/2), g £ kcr((-A™„,(„,fc))*). (11.15) 

Finally, we turn to the spectrum of — A^_((j (,)• The boundary conditions in (|11.12l) lead to two kinds of 
(nonnormahzed) eigenfunctions and eigenvalue equations 

■0(fc,x) =cos(fc(x- [{a + h)/2])), ksm{k{b - a)/2) =0, 

kK,{a,b)j = U + l)7r/(6 - a), j = -1, 1, 3, 5, ... , 

and 

(J3{k, x) = sin(fc(x - [{a + b)/2])), k{b - a)/2 ^ tan(fc(6 - a)/2), 

kK,(a,b)fl = 0, JTT < kK,(a,b),3 < {j + l)7r, j == 2, 4, 6, 8, . . . , (11-17) 

lim [kK,ia,b).2i - m + l)7:/{b - a))] = 0. 

The associated eigenvalues of — A/^ (^.b) a-re thus given by 

^(-AK,(a,b)) = {0} U {fcL(a,b),,beN, (11.18) 

where the eigenvalue of — A^ (^ ;,) is of multiplicity two, but the remaining nonzero eigenvalues of — A^ (^ ;,) 
are all simple. 

11.2. The Case of a Bounded Interval (a, 6), — oo < a < b < oo, < T^ G L^{{a,b);dx). The general 
case with a nonvanishing potential < F G L^{{a,b);dx) has very recently been worked out in f60]. We 
briefly summarize these findings next. 

Suppose r = --£^ + V{x), x G (a, &), and -ffniin,(a,b), defined by 

Hmin,{a,b)U = -""" + Vu, 

u G dom(iJ„,in,(a^b)) = {v e L^{{a, b); dx) \v,v' € AC([a, 6]); (11.19) 

t;(a) = v'{a) = v{b) = v'{b) = 0; [-v" + Vv] G L^{{a,b);dx)} , 
is strictly positive in the sense that there exists an e > for which 

{u, -ffmin, (a.,h)U)Lma,b);dx) > l^\Mh({a,b):dx)' " ^ dom(iJ„i„_ (a„b))- (11.20) 

Since the deficiency indices of i?rnin, (a,b) are (2, 2), the assumption (|11.20p implies that 

dim(ker(ij;i„_ (,_,))) = 2. (11.21) 

As a basis for ker(iyj!|^jj^ (ab))' ^^ choose {ui{-),U2{-)}, where ui(-) and U2{-) are real-valued and satisfy 

wi(a)=0, ui{b)^l, ■U2(a) = l, ■U2(&) == 0. (11.22) 

The Krein-von Neumann extension i?K.(a.b) of ^min, (a.b) in L'^{{a,b);dx) is defined as the restriction of 
^min,(a,6) ^i^^ domain 

dom(iJK,(a,6)) = <iom{H^in,ia,b)) + ker(i7^„ (^^)). (11.23) 

Since H}^ ji^iyj is a self-adjoint extension of iif,nin.(a,b): functions in dom(iJK,(a,6)) must satisfy certain bound- 
ary conditions; we now provide a characterization of these boundary conditions. Let u G dom(iJK,(a,6))i by 
(|ll-23p there exist / G dom(ffj„in,(a,6)) and r; G ^e^^iH^in.ia.b)) ^^^^ 

uix)^ f{x)+rj{x), xe[a,b]. (11.24) 

Since / G dom(7Ji„i„_(a.6)), 

/(a) = /'(a) = fib) = fib) = 0, (11.25) 

and as a result, 

u(a)=?7(a), u(6) = r/(6). (11.26) 

Since 77 G ker(iJ*^i„ (^ ,p, we write (cf. (ITOll ) 

77(x) = ciMi(0,a;) -I- 02^2(0, x), xG[a, &], (11.27) 
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for appropriate scalars Ci,C2 £ C. By separately evaluating (I11.27P at a; = a and x = h, one infers from 
(J11.22P that 

7?(a)=C2, r/(6)=ci. (11.28) 

Comparing (I11.28P and (|11.26p allows one to write (|11.27l) as 

ri{x) = u{b)ui{x) + u{a)u2{x), x g [a, b]. (11.29) 

Finally, (|11.24p and (|11.29p imply 

u{x) — f{x) + u{b)ui{x) + u{a)u2{x), x € [a,b], (11.30) 

and as a result, 

u'{x) ^ f'{x)+u{b)u[{x)+u{a)u'2{x), x e [a,b]. (11.31) 

Evaluating (jll.3ip separately at a; = a and x ~ b, and using (|11.25p yields the following boundary conditions 
for u: 

u'{a) = u{b)u[{a) + w(a)M^(a), u'{b) = u{b)u[{b) + u{a)u'2{b). (11.32) 

Since u'i{a) ^ (one recalls that ui{a) = 0), relations (|11.32p can be recast as 

."'S)-^-<(„t'))- •"^^^' 

where 

"^^ " <(«) U(«)"2(fe) - <(&)4(«) <(&); ■ ^ ' 

Then i^K e SL2(M) since (|11.34p implies 

det(FK) = -4rT = 1- (11-35) 

Thus, H}<^(^a,b), the Krein-von Neumann extension of -ffmin,(a,f)) explicitly reads 



.,.' eAC([a, 5]); (;(^^))=^K (:/;)); (11.36) 

[-w" + T/w] e L^{{a,b);dx) 



u e doni(iJK,(a,&)) = i w e L'^{{a,b);dx) 



Taking V = 0, one readily verifies that (I11.36P reduces to (|11.12p as in this case, a basis for ^gi-{H^^^ , j-,) 
is provided by 

u^^\x) = ^, u^^\x) = ^—^, xe[a,b]. (11.37) 

b — a b — a 

11.3. The Case of the Ball Bn{0;R), R > 0, in K", n > 2, F = 0. In this subsection, we consider in 
great detail the scenario when the domain ft equals a ball of radius R > (for convenience, centered at the 
origin) in M", 

n = S„(0; R) C M", i? > 0, n ^ 2. (11.38) 

Since both the domain Bn{0;R) in (|11.38l) . as well as the Laplacian —A are invariant under rotations in M" 
centered at the origin, we will employ the (angular momentum) decomposition of L^(-B„(0; R); d"'x) into the 
direct sum of tensor products 

L2(S„(0; R);d"x) = ^^((o^ R);r^-^dr) «. L"" {S^-^ ; doJn-i) = H,,,e,^o..R), (11-39) 

n^AioM) = i'((0, R);r''-^dr) «. /C„,,, ^ e No, n > 2, (11.40) 

where S"'"^ = i9i3„(0; 1) = {x e M" | |a;| = 1} denotes the (n — l)-dimensionalunit sphere inM", dujn-i repre- 
sents the surface measure on S*"^^, n > 2, and ICn,i denoting the eigenspace of the Laplace-Beltrami operator 
— Agn-i in L'^{S"'~^;du!n-i) corresponding to the ith eigenvalue Kn,e of — Ag^-i counting multiplicity, 

J- ^v ^ {2e + n-2)T{e + n-2) ^ ^ ^^ ^^ (11.41) 

dim /C„.^ = ^ /) '- := d„,f , leNn, n>2 

1(1 + 1)1 (n — 1) 

(cf. [1381 p. 4]). In other words, ICn,i is spanned by the n-dimensional spherical harmonics of degree £ S Nq. 
For more details in this connection we refer to |150[ App. to Sect. X.l] and |176i Ch. 18]. 
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As a result, the minimal Laplacian in L^(_B„(0; R); d"x) can be decomposed as follows 



^rmn,B^{0-M) - - A|c~ (B„(0;fi)) - ^ ^„,<!,mm '^ ^J 



lena (11.42) 



dom(-A„„,B^(0;K)) = i?o(5„(0;i?)), 



where H^^\ ^-^ in -L^((0, R)]r'^ ^dr) are given by 



(n) f d^ n — 1 d Kr, p\ , , 

Hn\rmn^[--r^ TT + ^ ' ^^^0- 11-43 

" V d-r^ r dr r"^ J cirdaM)) 

Using the unitary operator Un defined by 

_ fi2((o, R);r--^dr) ^ L2((0, R);dr), 
"■ \ 0K^(C/„0)(r)=r("-i)/20(r), ^ ' ' 

it will also be convenient to consider the unitary transformation of iJ^ ] ^^^ given by 

h'fim^n^U^nH^n,L^nU-\ ^^Nq, (11.45) 



"n.O, mm ~ -i.-9 + ^ __9 ' < r < /C, 



where 

(0) _ d^ ^ (n-l)(n-3) 

dom (/ii°L,„) = {/ e L2((0, i?); dr) | /, /' G AC([e, i?]) for all s > 0; 

/(i?_) = /'(i?_) = 0, /o = 0; (11.46) 

(-/" + [(n - l)(n - 3)/4]r-2/) (= ^2^(0, i?); dr)} for n = 2, 3, 
, (0) _ _ c'^ , 4K„,^ + (n-l)(n-3) ^ . ^ , „ 

"n,£,mi« - ^^2 + 4j,2 , U <^ r <^ it, 

dom (/iJLm) = {/ e L^m R};dr) \ /, /' G AC([£, i?]) for all e > 0; 

/(i?_)=./'(i?_)-0; (11.47) 

i-f" + [«„,£ + ((n - l)(n - 3)/4)]r-2/) e L\{0, R);dr)} 
for ^ e N, n > 2 and £ = 0, n > 4. 

In particular, for £ S N, n > 2, and £ = 0, n > 4, one obtains 



(0) _ / jP_ 4:K.aj + (n- l)(n- 3) 

'^n,e,min ^ I ^^2 ^ 4^,2 



Cg°((0.-R)) 

for £ e N, n > 2, and £ = 0, n > 4. 



(11.48) 



On the other hand, for n = 2, 3, the domain of the closure of h^ q minlc^iif) m) ^^ strictly contained in that 
of dom (ft,„ Q „j„) , and in this case one obtains for 



r(0) _ / d^ (n-l)(n-3) 

"-n^O.mm I ^^2 ^ 4^2 



, n = 2,3, (11.49) 



that 



^(0) d^ (n-l)(n-3) 

"■n,0,mm " ^^2 ^ 4^2 , U <. / ^ n, 



dom {hZ,rmn) = {/ ^ i'((0, i?); dr) | /, /' G AC([e, i?]) for ah e > 0; 

/(i?_) - /'(i?_) - 0, /o = /^ = 0; (11.50) 

(-/" + [(n - l)(n - 3)/4]r-2/) E ^^((0, i?); dr)}. 



(11.51) 
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Here we used the abbreviations (cf. [S3] for details) 

^(\imrio[-r'/^Hr)r'f{r), n = 2, 
■^° \fiO+), " = 3, 

° \/'(0+), n = 3. 

We also recall the adjoints of h^ \ ^^^^ which are given by 

V''n,0.,min) ^ ^^2 ^ 4^2 , U <, / <, rt, 

dom((/ii°|,,„„)*) - {/ e L'{{0,R);dr) | /, /' G AC{[e,R])ioT all e > 0; (11.52) 

/o = 0; (-/" + [{n -l){n- 3)/4]r-^f) £ L\{0, R); dr)} for n = 2, 3, 
,,(0) Y_ <P 4/t„,, + (n-l)(n-3) . „ 

dom((/ii°^_,„J*) = {/ e L2((0,i?);dr) | /, /' e AC([£, i?]) for all e > 0; (11.53) 

(-/" + [«n/ + ((" - l)(n - 3)/4)]r-2/) e £^((0, R); dr)} 
for ^ e N, n > 2 and ^ = 0, n > 4. 



In particular, 



r(0) 

n.i.max 



= (/*i°U«)*' ^eNo, n>2. (11.54) 

All self-adjoint extensions of h^^ \ ^^^ are given by the following one-parameter families h^ g ^ , an,e G 
MU{oo}, 

(0) _ d^ , (n-l)(n-3) 

"-n,0,Q„,o - ^^2 + 4^2 , U < r < it, 

dom (/^i°|,,„„, J = {/ e i'((0, i?); dr) | /, /' e AC{[e, R]) for all e > 0; 

/'(i?_) + a„,o/(i?-) = 0, /o = 0; (11.55) 

(-/" + [{n -l){n- 3)/4]r-2/) £ ^^((O, i?); dr)} for n = 2, 3, 
, (0) ^_d^ , AKn^i + {n - l){n - 3) r^.^.j. 

%,£,a„,f - ^^2 ~^ 4j.2 , U <^ r < it, 

dom (/ii°i„„,J = {/ e i'((0, i?); dr) | /, /' G AC([e, i?]) for aU e > 0; 

/'(i?_) + a„,,/(i?_)=0; (11.56) 

("/" + [«„,£ + ((n - l){n - 3)/4)]r-2/) e ^^((O, R); dr)} 
for £ e N, n > 2 and f = 0, n > 4. 



Here, in obvious notation, the boundary condition for a„.e = cxd simply represents the Dirichlet boundary 
condition / 
that is, by 



condition f{R-) = 0. In particular, the Friedrichs or Dirichlet extension /i„ ^ £> of /i„ ^ ^^^ is given by /i„ ^ qq, 



h^°^ - ^' I ("-l)('^-3) Q ^ 

"■n,0,D - ^^2 + 4^2 , U ^ r -^ it, 

dom(/ii%) = {/ e L2((o^^).^^) I y j/ £ AC([£,i?])for all e > 0; /(i?_) = 0, 

/o = 0;(-r + [(n-l)(n-3)/4]r-V)eL'((0,i?);dr)} forn = 2,3, (11.57) 

, (0) _ ^^ , 4K„,^-K(n-l)(n-3) ^ ^ ^ ^ R 

"■«,£,£) - ^ -I 4^:5 ' U < ^ < ^: 

dom (hl^ljj) - {/ e L2((0, i?); dr) | /, /' G AC{[e, R]) for aU e > 0; /(i?_) = 0; 
(-/" + [«„,£ + ((n - l)(n - 3)/4)]r-V) G ^^((0, R); dr)} 

for ^ e N, n > 2 and ^ = 0, n > 4. (11.58) 
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To find the boundary condition for the Krein-von Neumann extension h^ g j^ ol h^^ ^ ^^-^j that is, to find the 
corresponding boundary condition parameter an.e.K in (jll-SSp . (|11.56l) . we recaU (12.101) . that is, 

dom(/.S,^) = dom(/ii")_„) +ker((/.S,_)*). (11.59) 

By inspection, the general solution of 

-^ + '""'^ + ^;;,^^^""^^ )^(0-0, reiO,R), (11.60) 

is given by 

V'(r) = A/+[("-i)/2l +Br-^-[("-3)/2]^ A^B eC, re {0,R). (11.61) 

However, for ^ > 1, n > 2 and for £ ~ 0, n > 4, the requirement ip e i^((0, R); dr) requires i? = in (|11.6ip . 
Similarly, also the requirement tpo = (cf- (|11.52p ') for i' = 0, n = 2, 3, enforces i? = in (|11.6ip . 
Hence, any u G dom (/i^ ^ ^) is of the type 

u^f + V, /edom(/iS,„J, 77(r)=^(i?_)/+[("-i)/2l, re[0,i?), (11.62) 

in particular, /(_R_) = f'{R) = 0. Denoting by an,e,K the boundary condition parameter for /i„ ^ ^ one 
thus computes 

Thus, the Krein-von Neumann extension /i„ £ ^^ of ft.„ £ ^^j^^ is given by 
(0) rf^ , (n-l)(n-3) 

dom(/ii%) = {/ e L2((0,i?);dr) | /, /' G AC([£, i?]) for all e > 0; 

/'(i?_) - [{n - l)/2]i?-V(i?-) = 0, /o = 0; (11.64) 

(-/" + [(" - 1)(" - 3)/4]r-2/) e l2((q^ ^). ^^^1 fQj. ^j ^ 2, 3, 

, (0) _ _ ^' 4^„,£ + (n-l)(n-3) „ , ^ , o 
"-n.A-ft: ^ ^p" ^ ^;:2 ' u < r < it, 

dom (/^U)>,jf) = {/ e L^{{0, R); dr) | /, /' G ^C([e, i?]) for all e > 0; 

/'(i?_) - [^ + ((n - l)/2)]i?-V(i?-) = 0; (11.65) 

(-/" + ['*„,£ + {{n - l){n - 3)/4)]r-2/) e ^^((o, i?); rf^)} 
for ^ e N, n > 2 and £ = 0, n > 4. 

Next we briefiy turn to the eigenvalues oi h^ ^ jj and ^„ ^ ^- In analogy to (lll.60p . the solution tp of 

d'^ 4K„,£ + (n- l)(n-3) \,/ n n .- (n u\ n^ aR\ 

— H ^ -^ z\ip{r,z)^0, re{0,R), (11.66) 

satisfying the condition ^{■,z) e L'^{{0, R);dr) for ^ = 0, n > 4 and Vo(^) = (cf. (|11.52p ) for ^ = 0, 
n = 2, 3, yields 

^(r, z) = Ari/2 j,+[(„_2)/2] (^'/'O, A e C, r e (0, i?), (11.67) 

Here Ji/(-) denotes the Bessel function of the first kind and order v (cf. [1, Sect. 9.1]). Thus, by the boundary 
condition f{R) = in (|11.57p . (|11.58p . the eigenvalues of the Dirichlet extension /i„ ^ ^j are determined by 
the equation ^{R^, z) = 0, and hence by 

Jl+[(n~2)/2]{z^'^R)=G- (11-68) 

Following [TJ Sect. 9.5], we denote the zeros of Jy{) by j^k^ fc £ N, and hence obtain for the spectrum of 

<hZ,D) = {Ai"L,Jfc,N = {j'+[(n-2)/2],fe^"'}fceN' ^ ^ No, u > 2. (11.69) 

Each eigenvalue of of /i|^ ^ ^ is simple. 



^D,B„{0;B) - O ^nJ,D ®-^K„,«, 




letio 




^K,B„{OM) = O ^n,i,K ® -^'C„,,, 




feNo 




77(0) /rr(0) \* rr-U/jCO) ^*r7 


^eNo, 


H^nlD=Un'hl^l^U^, leNo, 




H^nl.K = C^n '/»M,i.C^"> ^ e No. 
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Similarly, by the boundary condition /'(i?_) - [^ + {{n - l)/2)]R-^f{R_) = in (fTTBl) . (fTTBSl) . the 
eigenvalues of the Krein~von Neumann extension h^ ^ j^ are determined by the equation 

^P'{R, z)~[e+ {{n - l)/2)]^jiR, z) = -Azi/2^i/V^+(„/2)(zi/2i?) = (11.70) 

(of. O eq. (9.1.27)]), and hence by 

z'/^Je+in/2)iz'/^R)=0- (11.71) 

Thus, one obtains for the spectrum of /i„ ^ ^, 

<^(Ci^) - {0} U {aS^^^,},^^ ^ {0} U {j|+W2),fc^"'}fceN' ^ e No, n > 2. (11.72) 

Again, each eigenvalue of ft.„ ^ ^ is simple, and r]{r) = C'r^+I'-"^^-'/^!, C G C, represents the (unnormalized) 

eigenfunction of /i^ ^ ^ corresponding to the eigenvalue 0. 
Combining Propositions 12 . 2H2 .41 one then obtains 

- Ama.A{0;R) = (-A„„;„.B„(0;fl))* = {KimrnY ® ^K„,„ (11.73) 

(11.74) 

where (cf. (|11.42p ) 

(11.76) 
(11.77) 
(11.78) 

Consequently, 

Cr(-Ac,B„(0;K)) = {\,<?,D,fe}£eNo,feeN = {ji+[(n-2)/2].kR^'^} eeNo.ken' (11.79) 

aess(-AD,B„(O;fl))=0, (11-80) 

a(-A^,B„(0;i^)) = {0} U {\l^iK,k}ief^„MeN = {0} U {j'+(n/2),;cfi"'},eNo,fceN' (11-81) 

dim(ker(-AK,s„(0;fl))) = oo, CTess(-AK,s„(0;fl)) = {0}. (11.82) 

By (|11.4ip . each eigenvalue A^^ ^ ^ j,, fc G N, of — A£)B„(0;i?) has multiplicity dn,£ and similarly, again by 

(|11.4ip . each eigenvalue A„ ^ ^ j,, A: G N, of ~Aji^B,^{0;R) has multiplicity dn^i- 

Finally, we briefly turn to the Weyl asymptotics for the eigenvalue counting function (|8.54p associated 
with the Krein Laplacian —^k.b„{0;R) for the ball i?„(0;i?), i? > 0, in K", n > 2. We will discuss a 
direct approach to the Weyl asymptotics that is independent of the general treatment presented in Section 
[9l Due to the smooth nature of the ball, we will obtain an improvement in the remainder term of the Weyl 
asymptotics of the Krein Laplacian. 

First we recall the well-known fact that in the case of the Dirichlet Laplacian associated with the ball 
S„(0;i?), 

^Dk(0;fl)(^) = (27r)-%2i?"A"/2 _ (27r)-("-i)«„_i(n/4)«„i?"-iA("-i)/2 

+ 0(A("-2)/2^ as A^oo, (11.83) 

with Vn = 7r"/^/r((n/2) + 1) the volume of the unit ball in M" (and nu„ representing the surface area of the 
unit ball in M"). 

Proposition 11.1. The strictly positive eigenvalues of the Krein Laplacian associated with the ball of radius 
R> 0, Bn{0; R) C M", R > 0, n > 2, satisfy the following Weyl-type eigenvalue asymptotics, 

K^BAo-M)W = (2^)'"i'^i?"A"/2 - (2^)-("-i)z;„_i[(7V4)t;„ + t;„-i]i?"-iA("-i)/2 

+ 0(a("-2)/2^ as A ^ oo. (11.84) 
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Proof. From the outset one observes that 

aS.z,., ^ A^^^ , ^ ^"nio^k+i^ ^ e No, fc e N, (11.85) 

implying 

K{X) := 1*^' '^'^''' ' ^ "^ '"'"^ '^'' ^■'^''" - ^' A e M, (11.87) 

0, if no such fc > 1 exists, 



Next, introducing 



we note the well-known monotonicity of j,y_fe with respect to v (cf. [1731 Sect. 15.6, p. 508]), implying that 
for each A G M (and fixed i? > 0), 

AA^'(A) < MuiX) for ly' >iy>0. (11.88) 

Then one infers 

^Sk(o;fl)(A) = ^ d„,,AA(„/2)„i+,(A), A^l,%„(„^j,)(A) - ^ d„,,AA(„/2)+,(A). (11.89) 

Hence, using the fact that 

dn,i = dn-l,i + dn,l-l (11.90) 

(cf. (|11.4ip ). setting d„__i = 0, n > 2, one computes 

^n,S„(0;fl;)(A) = 2^C?n,£-lA/(„/2)-l+£(A) + 2_^ C?n-l,cA/'(„/2)-l+£(A) 

^eN feNo 

- Z^ <^n,<?A/'(„/2)+<?(A) + 2_^ rfn-l,£A/((„_i)/2)-l+£(A) 
fsNo £eNo 

= <k(0;«)(^) + <k-.(0;«)(A), (11-91) 



that is, 



Similarly, 



that is, 
and hence. 



<k(0;H)(A) < <k(0;i..)(^) + <k-.(0;«)(A)- (11-92) 

^D,S„(0;fl.)(A) = X!'^"'''-l-^("/2)-l+<'(A) + X! '^"-l,^-^(n/2)-l+f(A) 

£eN £eNo 

- Z^ dn,e.N[n/2)+t{X) + 2_^ dn-lX M{(n-1) /2)+t{'>^) 

= <k(0;i?)(^) + <k-.(0;«)(A), (11-93) 

<k(0;fi)(^) > <k(0;H)(A) + <k-.(0;i^.)(^)' (11-94) 



<k-.(0;i.,)(^) < [<k(0;;.)(A) - <k(0;«)(^)] < <k-.(0;fl) (A)- (11-95) 

Thus, using 

< [<k(0;fi)(^) - <k(o;i..)(^)] ^ <k-.(0;fl)(^) = ^(Af-i)/^) as A ^ oo, (11.96) 

one first concludes that [-/VJj ^ (oi<'.)(A) ^ -^k b (oii',)(A)] — 0(A^"^^^/^) as A ^> cxd, and hence using (|11.83p . 

^Sk(0;i?)(A) - (27r)-"«2ii'"A"/2 ^ Q(^(n-i)/2^ as A -> oo. (11.97) 

This type of reasoning actually yields a bit more: Dividing (|11.95p by A'""^-'/^, and using that both, 

(0) ^\^ .^A ATiO) 



D,Br 



(oi?)(A) ^'^'l ^K B (oi?,)(A) have the same leading asymptotics {2tt) '" ^^u^_;^i?" ^A'" ^^/-^ as 



A ^> oo, one infers, using pi.83p again, 

^X,B„(0:fl)(A) = ^D,i3„(0:fl)(A) " [^D,B„(0;fl) (A) ^ ^i<-,S„ (0;_R) (A)] 



<k(0;H)(^) - (2^)-("-^)t^Lii?"-^A("-i)/2 +o(A("-i)/^) 
(2^)-"z;2i^"A"/2 - (2^)-("-i)z;„_i[(n/4)«„ + «„_i]i?"-iA("-i)/2 
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+ o(A("-i)/2) as A^oo. (11.98) 

Finally, it is possible to improve the remainder term in (|11.98|) from o(A^"^^-'/^) to 0(A("^^^/^) as follows: 
Replacing n by n — 1 in ()11.92p yields 

<k-.(0;H) W < <k-.(0;fl)(^) + <k-.(0;H) W- (11-99) 

Insertion of (|11.99p into (|11.94p permits one to eliminate Nj^-g ,p.^> as follows: 
implies 






(11.101) 



and hence, 

< <k(0;i.,)(^) - [<kiO;B.)W <k-.(0;i.,)(^)] < <k-.(0;H) (^)- i^^-^ 

Thus, <k(0;i.)(^) - K°k(0;fl)(^) " <k-.(0;i.) (^)] = 0(A(«-2)/2) as A ^ oo, proving dUMl). D 

Due to the smoothness of the domain i?„(0;i?), the remainder terms in (jll.841) represent a marked 
improvement over the general result (|9.13p for domains 51 satisfying Hypothesis 16.21 A comparison of the 
second term in the asymptotic relations (|11.83p and (lll.84p exhibits the difference between Dirichlet and 
Krein-von Neumann eigenvalues. 

11.4. The Case fl = M"\{0}, n = 2,3, V^ = 0. In this subsection we consider the following minimal 
operator -A„,„_r„\{o} in L^(M";d"a;), n = 2,3, 



A™„,K„\{o} = -A|^^^^„„^^^^, > 0, n = 2, 3. (11.103) 

(11.104) 



(11.105) 



ic,r(K"\{o}) 

Then 

HF,m'^\{o} = Hk,r2\^qj = -A, 

dom(i?^_R2\{o}) = dom{HK,M--\{o}) = H^iR^) if n = 2 
is the unique nonnegative self-adjoint extension of —Ajyiin,R'^\{o} in L'^ {M.'^ ; (P x) and 

Hf,S.^\{0} = ^_D,R3\{0} = -^, 

dom{Hp^TS.3\[oy) ^ dom{HD^Ts.3\[o}) = H^i^.^) if n = 3, 

HK,R^\io} = Hnm^\{o} = U-'h^oj,,R^U (B^U-'h^^l^U if n = 3, (11.106) 

where -ffD,R3\{o} ^nd iJAf,R3\{o} denote the Dirichlet and Neumanrl^ extension of — A„jj„ Rn\|o} in L^(IR'^; (Px), 
respectively. Here we used the angular momentum decomposition (cf. also pi.39p . (I11.40p ). 

L2(M";d".x) = L\{0,^);r"-^dr)®L^{S"~^;duJr.^i) = H„,,,(o,oo), (11.107) 

feNo 
Hn,f,(o,oo) = L\iO, <x); r''-Ur) ® /C„,,, ^ £ No, n = 2, 3. (11.108) 

Moreover, we abbreviated M+ = (0, oo) and introduced 

dom (<ir,Kj - {/ e ^'((0, oo); dr) | /, /' £ AC([0, R]) for all i? > 0; (11.109) 



/'(0+) = 0;/"ei2((o^^).^^)}^ 



(0) ^^ , ^(^+1) 

,(0) 



doui{hYl^) = {/ e i^((0,oo);dr) | /, /' G ^C([0,i?]) for all i? > 0; (11.110) 



The Neumann extension ^jvi{.3\|o> of ~^min. E"\{o}i associated with a Neumann boundary condition, in honor of Carl 
Gottfried Neumann, should of course not be confused with the Krein— von Neumann extension ^xR^Vfoj °f ~^min, K"\{0}- 
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- /" + (.[(. + l)r-2/ g l2((0, oo); dr)}, £ G N. 

The operators h\l^ |c°°((o,oo)), ^ G N, are essentially self-adjoint in L^((0, oo); dr) (but wc note that / 6 
dom (h\ ^ ) implies that /(0+) = 0). In addition, U in (|11.106p denotes the unitary operator, 

As discussed in detail in [SOj Sects. 4, 5], equations ()11.104p - (|11.106p follow from Corollary 4.8 in [80 and 

the facts that 

,, , f-(2/7r)ln(z) +2i, n = 2, 

(«+,M^,,,„^,„J,^,(z)^.+ )^.(K„^,„,) = ^^^^^J^ ^1^ ^^^^ (11.112) 



and 
Here 

and 



(u+,Afff^_j^3^^^j,AA+(2:)u+)L2(K3.d3^) =1(2/2)^/^-1. (11.113) 

(11.114) 



A/V = lin. span{M+}, 
u+(a:)=Go(^,a:,0)/||Go(^,•,0)|U2(R„.rf„,), x £ M"\{0}, n = 2,3 



igiz IK yi/(47]-|x - y|), a; ^t J/, n == 3 
denotes the Green's function of —A defined on H'^{K"'), n — 2,3 (i.e., the integral kernel of the resolvent 
(—A — z)~'^), and H^ '{■) abbreviates the Hankel function of the first kind and order zero (cf., [1] Sect. 
9.1]). Here the Donoghue-type Weyl-Titchmarsh operators (cf. pS] in the case where dim(A/'+) = 1 and [50] . 
[SI], and [5S] in the general abstract case where dim(A/+) £ NU {cxd}) Af//pj,„^^|,j_jv_^ and MH^g.„y^„y,^f^ are 

defined according to equation (4.8) in [80]: More precisely, given a self-adjoint extension S of the densely 
defined closed symmetric operator 5 in a complex separable Hilbert space H, and a closed linear subspace 
A^ of A/V = ker(S'* - iln), A/" C 7V+, the Donoghue-type Weyl-Titchmarsh operator Mg^(z) € B{Af) 

associated with the pair {S,J\f) is defined by 

_ (11.116) 

= zl^ + (1 + z^)P^{S - zIn)-'PM\j^ , z e C\M, 

with /a/ the identity operator in Af and Pv the orthogonal projection in H onto AA. 

Equation (|11.112p then immediately follows from repeated use of the identity (the first resolvent equation) , 

d''x'Goizi,x,x')Go{z2,x\0) = (zi - Z2)"^[Go(zi, a;, 0) - Go(z2,a::, 0)], 

x^O, zi^ Z2,n = 2,3, (11.117) 

and its limiting case as x — ^ 0. 

Finally, (|11.113p follows from the following arguments: First one notices that 

[-(^Vrfr^) + "'^"']lc„~((o.oo)) (11-118) 

is essentially self-adjoint in L^(]R+; dr) if and only if a > 3/4. Hence it suffices to consider the restriction of 
Hmin,R^\{o} to the Centrally symmetric subspace 'Hs. 0,(0. 00) of L'^iM.^; d^x) corresponding to angular momen- 
tum £ = in (111.1071) . (|11.108p . But then it is a well-known fact (cf. [501 Sects. 4,5]) that the Donoghue-type 
Dirichlet m-function {u+,MH^^^^^^^y,^r+(z)u+)L2(^R3.d3^), satisfies 

= i(2z)i/2 -I- 1, (11.119) 

where 

AAo,+ = lin.span{Mo,+}, uo^r) = e'^'^''' /[2lm{z^^^]^/^, r > 0, (11.120) 

and Af (0) ., (z) denotes the Donoghue-type Dirichlet ni- function corresponding to the operator 

0,-D,R+ '^0,+ 

d^ 



M _ 



"-0,1), Ki ~ -1-9 ' ' ^ O, 
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dom (/i^%,rJ - {/ e i'((0, oo); dr) | /, /' G AC{[G, R]) for all i? > 0; (11.121) 

/(0+)=0;/"£L^((0,cx));dr)}, 

Next, turning to the Donoghue-type Neumann m-function given by (u+, M/^^^g A/_^(z)u+)i2(jj3.£j3j,) one 
obtains analogously to (|11.119p that 

(M+,AfH„_^3^j^j,A/-_^(z)u+)i2(K3.d3^) = (U0, + ,M^(0)^^ j^^^^{z)ua^ + )L'^(v.^-dr), (11.122) 

where M, (o) .^ iz) denotes the Donoghue-type Neumann rn- function corresponding to the operator 

''o,JV,B_|_'^0,+ 

^0 Af R ^'^ (|11.109p . The well-known linear fractional transformation relating the operators M, (o) j, (z) 
and M, (o) .f {z) (cf. jSOj Lemmas 5.3, 5.4, Theorem 5.5, and Corollary 5.6]) then yields 



■'■0,N,M+'^0,+ 



(mo, + , M (0, ^^ ^ (^)M0. + )L^(R+.dr) = «(2/2)'/' - 1, (11.123) 



''0,N,E_|_>^V0.+ 

verifying (|11.113|) . 

The fact that the operator T — —A, dom(T) — H'^{M?) is the unique nonnegative self-adjoint extension 
of — A„j„R2\{-o} in L'^{B?](Px), has been shown in [H] (see also [131 Ch. 1.5]). 

11.5. The Case Vt = M"\{0}, V = -[(n - 2flA]\x\-'^, n > 2. In our final subsection we briefly consider 
the following minimal operator -ffm,;„ j|n\|o} in i^(M";<i"x), n > 2, 



i?™»,K"\{0} = (-A-((7i-2)V4)|x|-2)|^^^^^„^^gjj>0, n>2. (11.124) 

Then, using again the angular momentum decomposition (cf. also (jll.39p . (|11.40p ). 

L\W'-d"x) = L\{0, oo); r"-idr) ® L\S''-^;dujn-i) = H„,,,(o.oo), (11.125) 






H„,£,(o,oo) = i^'((0, cx)); r"- Vr) /C„,,, ^ G No, n > 2, (11.126) 

one finally obtains that 

Hf,R'^\{0} - Hk.wl'^\{o} - C/"'/io,R+t/ ® C/"'/i„/,R+C/, n > 2, (11.127) 

is the unique nonnegative self-adjoint extension of iifmin,R"\{o} in L^(M"; cf"a;), where 

/^n.R+ - -^ - ^' ^ > "' 

dom(/io,R+) = {/ e L^((0, CX)); dr) | /, /' £ AC([e, R]) for all < e < i?; (11.128) 

/o = 0; (-/" - (l/4)r-V) e i'((0, ^); dr)}, 
d^ 4k„ £ — 1 

hn,m+ = -^ + 4^2 ' '' > o> 

dom(/i„,£,R^) = {/ e i2((0,oo);dr) | /, /' G AC([e,i?]) for all < e < i?; 

(-/" + K.£-(l/4)]r-2/)eL2((0,oo);dr)}, £ G N, n > 2. (11.129) 

Here /o in (|11.128p is defined by (cf. also (lll.5ip ) 

/o = lim[-ri/2 ln(r)]-V(r). (11.130) 

As in the previous subsection, /in/,R+|c°°((o,cio)): ^ G N, n > 2, are essentially self-adjoint in L^((0, oo); dr). 
In addition, /io,r+ is the unique nonnegative self-adjoint extension of ^o,R+lc°°((o,oo)) in i^((0, oo); dr). We 
omit further details. 
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